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V e H 3 (A,t) 

then two simple properties of V imply that (A, t) is a triangulated category. The 
cohomology class V yields an equivalence class (B, [s]) where B is a track category 
with homotopy category A and [s] is the homotopy class of a pseudofunctor s : B ~» B 
inducing t. The two properties of V correspond to natural axioms on B and s which 
again imply that (A, t) is a triangulated category. 

The five papers of this volume depend on each other by cross references, but each 
paper can be read independently of the others so that the reader is free to choose one 
of the papers to start. Each paper has its own abstract, introduction and literature. 



H.-J. Baues, 
F. Muro. 



July 2005. 



Address: Max-Planck-Institut fur Mathematik, Vivatsgasse 7, 53111 Bonn, Germany 
Email: baues@mpim-bonn.mpg.de, muro@mpim-bonn.mpg.de 

The second named author acknowledges the support of the MEC grant MTM2004-01865 and 
postdoctoral fellowship EX2004-0616 



iii 



iv 



Contents 

[i] 

Triangulated track categories 1 

H.-J. Baues 

1 Triangulated categories 2 

2 Additive track categories 4 

3 Cone functors in additive track categories 6 

4 Representable cone functors 11 

5 Toda complexes 13 

6 Triangulated track categories 15 

7 Induced Toda complexes and proof of (TrO) 18 

8 Negative Toda complexes and the proof of (Tr2) 20 

9 Proof of (Tr4) 23 

10 The dual of a triangulated track category 26 

11 The natural notion of good morphism 27 

[II] 

Principal maps in triangulated categories and maps between 2-stage 

spectra 31 

H.-J. Baues 

1 Principal maps 32 

2 The category of homotopy pairs 33 

3 Cogroups and T-tracks 35 

4 The homotopy relation for homotopy pairs 37 

5 Proof of the equivalence (4.4) 38 

6 The category of 2-stage spectra 41 
[HI] 

The homotopy category of pseudofunctors and translation cohomology 45 

H.-J. Baues and F. Muro 

1 Categories and track categories 46 



2 The homotopy category of pseudofunctors 48 

3 Abelian track categories 49 

4 Cohomology of categories 52 

5 Translation cohomology 55 

6 Classification of abelian track categories and translation track 
categories 59 

7 Obstruction theory for the 2-functor 7r 61 

8 The homotopy category of pseudofunctors as a linear extension 65 

9 A 2-category in terms of cocycles 66 

10 Proof of Theorem 7.2 68 

11 Proof of Theorem 7.7 69 

12 Proof of Theorem 7.12 71 

13 Global sections and cochains 72 
A Pseudofunctors and pseudonatural transformations 75 

[IV] 

Cohomologically triangulated categories 81 

H.-J. Baues and F. Muro 

1 Triangulated categories 82 

2 Triangulated track categories and cohomologically triangulated 
categories 83 

3 Obstruction theory for track triangles 90 

4 Small V-triangles and homotopy pairs 98 

5 The octahedral axiom 109 

[V] 

Triangulated cohomology classes 117 

H.-J. Baues and F. Muro 

1 Translation categories 118 

2 Cohomology of categories 118 

3 Translation cohomology 120 



4 The cohomology of the triangle category 122 

5 V-Triangles 129 

6 Algebraic homotopy pairs and cohomologically triangulated cat- 
egories 131 

7 The main spectral sequence 135 

8 The construction of the spectral sequences and the global class 

of identities 138 

9 The axiom (Tr2) 145 

10 Proofs of Propositions 5.7 and 7.5 and Theorems 6.11 and 6.14 147 
A The cosimplicial Eilenberg-Zilber-Cartier theorem 153 



vii 



viii 



[I] 

Triangulated track categories 



H.-J. Baues 



Abstract 

The concept of a triangulated homotopy category can be canonically lifted to 
the level of a groupoid-enriched category. This way two natural axioms on track 
triangles replace the four somewhat obscure axioms of a triangulated category. 



Introduction 

The axioms of a triangulated category are deduced from properties of cofiber se- 
quences (or fiber sequences) in a stable homotopy category A. Here A is an additive 
category with a translation functor t as for example the homotopy category of chain 
complexes or the stable homotopy category of spectra. Cofibers or fibers, however, are 
defined in terms of homotopies and, as observed by Gabriel-Zisman [GZ], represent 
"cone functors" obtained by tracks. Here tracks are homotopy classes of homotopies. 
Therefore it is natural to consider properties of cofiber sequences in a track category, 
i.e. a groupoid enriched category or a 2-category for which all 2-cells are invertible. 
Gabriel-Zisman deal with the general unstable fiber sequences in a track category. In 
this paper, however, we consider stable fiber-cofiber sequences in a track category and 
we lift the classical concept of triangulation of a category (as introduced by Puppc 
and Verdier) to the new concept of triangulation of a track category. A triangulated 
category is an additive category with translation functor and a distinguished class of 
exact triangles. Similarly a triangulated track category is an additive track category 
with a translation track functor and a distinguished class of track triangles satisfying 
two natural axioms (TTrl) and (TTr2) which replace the rather obscure axioms of a 
triangulated category. As a main result we show that a triangulated track category al- 
ways has a homotopy category which is a triangulated category in the classical sense. 
We also obtain this way a description of good morphisms between exact triangles 
in the sense of [Ne]. Further applications are obtained in [II] where we compute an 
algebraic model for the category of principal maps between 2-stage Postnikov spectra. 

In [IV] one finds the cohomological interpretation of the results on track categories 
in this paper. 

The author is grateful to Fernando Muro and Teimuraz Pirashvili for discussions 
and hints concerning this paper. 
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1 Triangulated categories 

To fix notation we repeat the following well known concepts. Let A be an additive 
category. A translation functor t : A — > A is an additive automorphism of A. Hence 



(1.1) 



t : Hom A (A, Y) = Hom A (iA, tY) 



is an isomorphism of abelian groups and t{X@Y) = (tX)® (tY). The inverse t' 1 of 
t admits natural isomorphisms tt~ 1 X = X and t~ 1 tX = X in A. We say that t is 
strict if these isomorphisms are the identity of X. 

Now let (A, t) be an additive category with a translation functor. A triangle in A 
is a diagram in A of the form 



(1.2) 



-> B ■ 



->tA 



Each such triangle yields an infinite sequence of maps d n : X n _\ — ► X n , n G Z, in 
A together with isomorphisms tx ■ X n = tX n - 3 satisfying (td n s)Tx = T~xd n such 
that the following diagram commutes. 




(1) 



We define X n for n < — 2 by X n = t~ 1 X n+3 and for n > 1 by A„ = iA n _ 3 . Then 
tt^ 1 = 1 yields the isomorphism X„ = tX n ^ for n < 0. If X = (X„, d„) is a cochain 
complex, that is d n d n -\ = for all n, then A is a candidate triangle in A, see [Ne]. 
A morphism between triangles is a commutative diagram 



(2) 



-> B ■ 



tf 



This is an isomorphism if f,g,h are isomorphisms in A. In the case of candidate 
triangles such a morphism induces a chain map a : X — ► X' between the associated 
cochain complexes with a_ 2 = / , a-i = .9, a ~ h and a n — ta n -3 for n G Z. 
Following [Pu] and [Ve], see also [We] and [GM], we have the following notion of a 
triangulated category. 

Definition 1.3. Let A be an additive category with a translation functor t. Then A 
is a triangulated category if A is equipped with a distinguished family £ of triangles 
(called the exact triangles) which is subject to the following axioms: 

(TrO) Any triangle isomorphic to an exact triangle is exact. For any object A in A 
the identity 1a of A yields the exact triangle: 



A- 



-> A ■ 



->tA. 



where * is the zero object of A. 
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1 Triangulated categories 



(Trl) Any morphism in A — ► B in A is part of an exact triangle: 



A 



->• B 



->tA. 



Here the axiom (Tr3) below implies that the isomorphism type of C is well 
defined by u. We also write C — C u and we call v = i u : B — ► C u the inclusion 
and w = q u : C u — ► tA the projection. 



(Tr2) If a triangle A B - 
^ tB and i" 1 *? "- 

(Tr3) Any commutative diagram 



C — ► tA is exact then the triangles B 
A — % £> — ^ C are exact. 



C* 




> tA' 



where the rows are exact extends to a morphism of triangles as defined in (2.1). 

(Tr4) The octahedral axiom: For a composite A — % £> — % C let C u , C v and CV, U be 
chosen as in (Trl). Then there exists an exact triangle 



(#) 



Cv 



^tc u 



-tw 



>tc v 



with the following properties. The maps u and w are maps for which the diagram 
(##) B ^^C^=C 




tA = tA > tB 

commutes and v is the composite 



v : C v > tB > tC u 



Axiom (Tr4) is a reformulation of Verdier's octahedral axiom as described in 
Weibel [We]. This axiom does not say that all maps u, w satisfying (##) yield 
an exact triangle (#). It is only required that there exist such maps. Neeman [Ne], 
[Ncl] raises the question to characterize maps u, to for which (#) is an exact triangle, 
compare section 9 below. 

It is easy to see that (TrO), (Tr2) and (Tr3) imply that for all objects U in A the 
induced sequences of abelian groups 

<— horn a(Xo, U) < — hom a{Xi, U) < — hom a(^2, U) <— 

— > horriA{U, Xq) — > homA{U,X\) — > horriA(U, X%) — > 
are long exact sequences. 
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2 Additive track categories 

A track category is a category enriched in groupoids; in particular, for all of its objects 
X, Y their hom-groupoid [A, Y] is given, whose objects are maps / : X — > Y and 
whose morphisms, denoted a : / => /', arc called tracks. Equivalently, a track 
category is a 2-category all of whose 2-cells are invertible. For a track a : / => /' 
and maps g : Y — > Y' , e : X' — > X, the resulting composite tracks will be denoted 
by ga : gf => gf and ae : fe => /'e. Moreover there is a vertical composition of 
tracks, i.e. composition of morphisms in the groupoids [X, Y]; for a : / => /' and 
/" it will be denoted by : / => /'. An inverse of a track a with respect 
to this composition will be denoted a B . The identity track / =>■ / is denoted by 
Oj = D and is called the trivial track. A track category has the homotopy category 
which is an ordinary category obtained by identifying homotopic maps / = /', i.e. 
maps /, /' for which there exists a track /=>/'. If A is the homotopy category then 
we denote the associated track category by 



(2.1) B = (Bi =4 B - A) 

Here B is the underlying ordinary category of 1-cells. We have the quotient functor 
B — > A which is the identity on objects and which carries a 1-cell / to its homotopy 
class {/}. Moreover Bi denotes the category of 2-cells with the same objects as in 
B but with morphisms from X to Y being tracks a : / => f with /, /' : A — ► Y in 
B , composite of a and j3 in the diagram 



/ 9 
Z 4" Y W X 

f g' 

being 

(2.2) a(3 = ag'Dfp = f'pDag : fg fg'. 

There are thus two functors Bi — ► Bo which are identity on objects and which 
send a morphism a :/=>/' to /, rcsp. /'. 

An object X x Y in B is a strong product if projections p\ : X x Y — > X and 
p 2 ■ X x Y — > Y are given which induce for all objects U in B an isomorphism of 
groupoids 



(pu,P2*) :[U,XxY]^ [U,X] x [U,Y] 

If this is an equivalence of groupoids then X x Y is a weak product. 
We now assume given a track category B such that its homotopy category is an 
additive category like A from section 1, 

B~ = A 



and that moreover B has a strong zero object, that is, an object * such that for every 
object X of B, [X, *] and [*, A] are trivial groupoids with a single morphism. It then 
follows that in each [A, Y] there is a distinguished map Ox,y obtained by composing 
the unique maps X — ► * and * — > Y. The identity track of this map will be denoted 
just by D . Note that Ox,y may also admit non-identity self-tracks; one however has 



4 



2 Additive track categories 



(2.3) Oy.z/3 = D = aO x ,Y 

for any a : f ,/'././':) ■ /.. i : > g>,g,g> : X' —>Y. 

The secondary analogue of an additive category is an additive track category 
defined as follows. 

Definition 2.4. A track category B is called additive if it has a strong zero object *, 
the homotopy category A = B~ is additive and moreover B is a linear track extension 

D -> Bi =4 B -» A 

of A by a biadditive bifunctor 

D : A op x A -> Ab. 

Explicitly, this means the following: a biadditive bifunctor D as above is given to- 
gether with a system of isomorphisms 



(2.5) a f : D(X,Y) ^ Aut lXiY} (f) 

for each 1-arrow / : X — > Y~ in B, such that for any / : X — ► F, # : F — ► 
a e F), 6 G D(F, Z), a : / => /' one has 

°gf(9 a ) =0 cr /( a ); 
=<r g (b)f; 
aO(Tf(a) = af(a)Da. 

Remark 2.6. Using 2.5 we can identify the bifunctor D via the natural equation 

D(X,Y) = Aut(O x ,y). 

Here Aut(0x,r) is easily seen to be a well defined bifunctor. 

We use a translation functor t as in (1.1) for the definition of the coefficient 
bifunctor 

D : A op x A -» Ab 

(2.7) 

v ' D(X,Y) = hom A {tX,Y) 

Then t yields a natural isomorphism 

t D :D^ D(t op xt) = t*D 
which on objects is given up to sign by the functor t, that is 

t D : D(X,Y) = hom A (tX,Y) S hom A (ttX,tY) = (t*D)(X,Y) 
is defined by to (a) = —t(a). 
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Definition 2.8. Let B be an additive track category with homotopy category A and 
coefficient bifunctor D(X,Y) = horriA(tX,Y) where t is a strict translation functor 
on A. Then a strict translation functor for B is a track functor (i.e. a functor enriched 
in groupoids) as in the commutative diagram 

D > B! 1 B > A 









t (0) 














D — 


^B!^=^E 


•o — 


— > A 



such that t(°\ t^ are strict automorphisms of categories inducing t and to respec- 
tively. We also write t = t^ and t = t (1 \ 

Example 2.9. The category C/i(A) of chain complexes in an additive category A is a 
track category with tracks given by homotopy classes of homotopies. In fact Ch(A) is 
an additive track category with a strict translation functor given by the shift functor. 

Example 2.10. The category of spectra Spec as introduced by Puppe [Pu] or Adams 
[Ma] is a track category with tracks defined by homotopy classes of homotopies. 
Moreover Spec is an additive track category with strict translation functor given by 
the shift functor. 

Remark 2.11. The main results below are proved in the presence of a strict translation 
functor for B. It is also possible to deal with with translation functors for B which 
are not strict. Such (non strict) translation functors are given by a pseudo functor 
t : B — > B inducing i on A and —t on D as in (2.8). In [IV] we study the more 
general case of non strict translation functors. It will be, however, more convenient 
for the reader to consider first the case of strict translation functors as this is done in 
this paper. 

Example 2.12. Let C be a cofibration category with a zero object, for example given 
by a Quillen model category, see [Ba]. Assume that the suspension functor 

S : C cf / C cf / ~ 

is an equivalence of categories. Here C c / is the full subcategory of cofibrant and 
fibrant objects in C. Then C c / is an additive track category with a (non strict) 
translation functor S as in (2.11). The dual result holds for fibration categories. 
Tracks are defined as in [Ba](II.5). 

3 Cone functors in additive track categories 

In topology one defines the mapping cone Cf of a map / : A — > B by the push out 
BUf CA of CA D A — > B. Here CA is the cone of A. Given a map a : B — > U 
and a homotopy a : af ~ one gets a map aUd : Cf — > U . Therefore the set of 
homotopy classes of maps Cf — > U denoted by Conef(U) can be described only in 
terms of tracks which are homotopy classes of homotopies. This leads to the following 
definition of cone functors in track categories as introduced by Gabriel-Zisman, see 
the remark (3.7) below. 

Let B be an additive track category as in (2.4) with homotopy category A. Let 
Ab be the category of abclian groups. Given a morphism / : X — > Y in Bo we define 
the cone functor 
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3 Cone functors in additive track categories 



(3.1) 

and the dual cone functor 



Cone f : A — ► Ab 



Cone f : A op — ► Ab 



as follows. For an object U in A let conef(U) be the set of all pairs (a, a) where 
a : Y — > U is a map in B and 

a : af => 

is a track in B. Two such pairs (a, a) and (0,0) in conef(U) are equivalent if there 
exists a track H : a => such that pasting of tracks in the diagram 




yields the trivial track . Now let 



(1) 



Conej(U) = conef(U)/ 



U — > V in A we choose vq 



be the set of equivalence classes {a, a}. Given a map v 
in Bo representing v and we define the induced map 

: Conef(U) — ► Conej(V) 

by : {a, a} — {v a,v d}- One readily checks that is well defined. Below we 
show that Conef(U) is an abelian group. 

Similarly let cone^ (U) be the set of all pairs (a, a) where a : U — > X is a map in 
Bo and a : fa ^> is a track in B. Now two such pairs (a, a), (0, 0) are equivalent 
if there exists a track G : a => such that pasting of tracks in the diagram 




yields the trivial track . As above let 



(2) 



Cone f (U) =cone s (U)l 



be the set of equivalence classes {a, a}. Then a map v : V — > U in A represented by 
v in B yields the induced map 

v* : Cone 1 (U) — > Cone f (V) 
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by v*{a,a} = {av ,av }. 

A track H : f => f in B induces natural isomorphisms 

iJ» : Conef = Conef ,resp. 
H* : Cone f = Cone 1 ' 

which carries {a, a} to {a, aOctH}, resp. to {a, aOHa}. Hence up to natural iso- 
morphism cone functors depend only on the homotopy class of /. 

Lemma 3.2. Let f : X — > Y be a map in Bo and let U, W be objects in A with direct 
sum U © W and projections p\ : U @W — > U ' , P2 : U @W — »■ W in A. Then 

(pi*,P2*) ■ Cone f (U @W) -> Cone f (U) x Cone f (W) 

is a bijection of sets. 

Proof. Let G Conef (U), {(3, (3} G Conef (W). Then there exists 7 together 

with tracks Q\ : pij =>■ a, Q2 : P27 P since U © W is a direct sum in A. 
Moreover there exists H : 7/ since (a,(3)f = in A. Now aDQif and p\H 
differ by fti G D(X, U) and /3D<3 2 / and p 2 H differ by H 2 G D(X, W). Therefore we 
can alter H by (Hi,H 2 ) G D(X,U © W) and get 7 such that (pi)*{7,7} = {a, a} 
and (p2)*{7,7} = {0,$}- Hence the map in (6.1) is surjective. Now let {7,7}, 
{s 7 e} G Conef(U © W) be given with 

(1) {Pi)*{irt} = (Pi)*i e ^} fori = 1,2. 

We have to show {7, 7} = {e, e}, that is, there is a track H : 7 =>■ e with eD(Hf) = 
7. By (1) we obtain tracks Hi : pi-f pie with (pii)D(Hif) = pi A f. Hence 7 and e 
represent the same homotopy class so that there exists a track G : 7 => e. Now Hi 
and piG differ by an element A with £>i G £>(X, U), D 2 G D(A, W). We can alter 
G by D = (D U D 2 ) G U ®W) and get iJ with Pl H = H t . Moreover 



(2) Pi {eUHf)=pa 

Now eUHd differs from 7 by an element A G D(Y, U@W). Then (2) shows A = 0. 
Hence eOHf = 7 is satisfied. 

□ 

Corollary 3.3. TTie sets Conef(U) and Cone^{U) have the structure of abelian 
groups and the functors (3.1) are well defined additive functors 

Proof. Using the isomorphism (3.2) we define addition by the composite 

Cone f (U) x Cone f (U) ^ Cone f (U © U) ( ^>* Cone f (U) 

where (f , 1) : U © U — > U is the folding map. We obtain for Cone^ a result similar to 
(3.2) and define the addition in Cone^ (U) in a similar way. 

□ 

Proposition 3.4. Let B be an additive category with B~ = A and bifunctor D : 
A op x A — > Ab. Then the cone functors are embedded in natural exact sequences in 
Ab 
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3 Cone functors in additive track categories 



D(Y, U) — D(X, U) — i-> Cone f (U) — ^ hom A {Y, U) — ^ hom A (X, [/) 



X) — ^ £>(t/, y) — !-> Conef{U) — ^ hom A (U, X) — ^ hom A (U, Y) 

where f : X —>■ Y is a map in Bq. Moreover i,q and i,q are compatible with in 
(3.1)(3), that is, H*i = i, qH* = q. 

Proof. We define q{a, a} ~ {a}. Then f*q = since a : af =>■ 0. On the other 
hand any element {a} € homA(Y,U) with f*{a} = admits a track a : af => 
representing an element {a,d} € Conef(U) with g{a,d} = {a}. We define i(<5) by 
the track a8 : => in Bi, sec (2.5), so that we get the element i(8) = (0, a 8) by the 
diagram 




with 0/ = since * is a strict zero object of B. Clcary iq = 0. Moreover assume 
q{a, a} — 0. Then there exists a track A : =>- a and {a, d} = {0, aOAf}. Moreover 
by (2.5) there is 8 with aOAf : => being cr(<5). Next assume that (5 = f*S' with 
<5' £ D(Y, U). Then {0, cr<5} = {0, D } is the trivial element since a 6 coincides with 




This shows if* = 0. Moreover let 8 be given with iS = {0, a8} = 0. Then there 
cxixts a track A : => with ertf = Af. Here A = 08' by (2.5). Hence (5 = f*S'. 
In a similar way one proves exactness of the second sequence in (3.4) with 

q{a, a} = {a} for {a, a} e Cone^ (U), 
i8 = {0,0-5} for 6 G D(U, Y). 

□ 

Corollary 3.5. Let B be an additive track category with B~ = A and with a bifunctor 
D(X,Y) = hom A (tX,Y) as in (2.7). Let f : X — > Y be a map in A and let 
f(n) : t n X — > t n Y be a map in B representing the homotopy class t n {f}. Then one 
has long exact sequences in Ab as follows, neZ. 

hom A (t n+1 Y,U) C hom A (t n+1 X, U) A Cone f(n) (U) A hom A (t n Y,U) C hom A (t n X,U) 
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hom A (U,t n+1 X) C hom A (U,t n+1 Y) A Cone 1{n) {U) A hom A (U,t n X) h hom A (U,t n Y) 
Proof. 

D(X,Y) = hom A (tX,Y) = hom^X^Y) 
and we can apply (3.4). 

□ 

Proposition 3.6. Let B be an additive track category with i?~ = A and with a 
bifunctor D(X,Y) = hom A {tX,Y) as in (2.7). Let 

be maps in U and let be X an object in A. Then we have a long exact sequence in 
Ab. 

Cone vu {t~ 1 X) A Cone u (t~ 1 X) A Cone v (X) A Cone vu (X) A Cone u {X) 

Here we set v*{a,a} = {av,a} and u*{/3,(3} — {/3,/3u}. Moreover S is defined by 
'HTi'T} = where 7 : B — > t~ x X and t{-f} G homA(tB, X) = D(B,X) and i is 

given as in (3.4). 

We point out that the exact sequence (3.6) is the analogue of the exact triangle 
(#) in the octahedral axiom (1.3). The operators v*,8,u* in (3.6), however, are 
canonically given while in (1.3)(#) the maps u,w are certain choices. 

Proof of (3.6). For {/?, /3} G Cone v (X) with /3 : (3v => we get (3u : (3vu =4> so that 
v*u*{(3,$} = {l3vu,$u} = in Cone u (X). 

Now let {a, a} G Cone vu (X) with a : avu =>- and assume u*{a, a} = {aw, d} = 
in Cone u (X). Then there exists z : av with zu = a. Hence {a, a} = {a, zu} = 
u*{a, z}. Hence we proved that im(u*) = ker(v*). 

Next let {7, 7} G Cone u (t~ 1 X) with 7 : ju =>■ 0. Let z : => be given by crt{7} 
where : B -> * -> X. Then ^{7,7} = w*{0, z} = {0,zu} = {0, cr(i{7u})} = 
since ju = in A by the track 7. Now let {(3,$} G Cone v (X) with = 
{/3,/3u} = in Cone vu (X). Then there exixts z : (3 => with /3u = zra. Hence we 
get an element 

a(y) = (3U{zv) B : => 

with y G D(B,X) and u*y = 0. Thus we can find an element y G Cone u (t~ 1 X) with 
<5y = {(3, (3}. This completes the proof that im(5) — ker(u*). 

Finally let {p, p} G Cone vu (t~ 1 X) with p : pvu =>• and p : C —> t~ x X. Then 
<5w*{p, p) = 8{pv, p} = it{pv} = {0, o-(t(p))v} = in Cone v (X). 

Moreover let {7, 7} G Cone u (t~ 1 X) with 7 : 71* =4- and £{7, 7} = in Cone v (X). 
Then there exists z G D(C,X) such that in the diagram 
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4 Representable cone functors 



we have a(z)v = <rt{-f}. Let p : C — > t~ 1 X be a map in B which represents t~ 1 z. 
Then there exixts p : pvu => since ju = in A. This completes the proof that 
im(v*) = ker(S). 

□ 

Remark 3.7. Gabriel-Zisman consider cone functors Cone? in a track category B with 
zero object * as follows. Given an object U and a map / : X — ► Y in B one gets 
the morphism 

f u :[U,X\—>[U,Y] 

between pointed groupoids induced by /. Then the groupoid T(f u ) is defined by 
the objects (a, a) and by the tracks G : (0,0) => (a, a) satisfying the condition in 
(3.1)(2). Hence 

Conet(U)=MT(f U )) 

is the set of path components of T(f u ). Here the groupoid T(f u ) coincides with the 
construction V.3.1 [GZ] and axiom C in V.3.2 [GZ] implies that Cone? is representable 
as in (4.1) below. Gabriel-Zisman use the axiom C for the proof of the "exact fiber 
sequence", see V.4.2 [GZ], which in the context of this paper is easily achieved by the 
dual of (3.5) and (4.3). 

4 Representable cone functors 

Let B be an additive track category with homotopy category A and with bifunctor 
D(X,Y) = hom A (tX,Y) as in (2.7). An additive functor F : A — > Ab is repre- 
sentable if there exists an object A" in A and a natural isomorphism of functors 

(4.1) X -F^hom A (X,-) 

in Ab. Then X is well defined up to isomorphism in A and is called a representation 
of F. We now consider representations of cone functors. 

If C = Cf represents Conej with / : A — > B in B then we obtain the triangle 

(4.2) A B C f tA 
in A as follows. For U = Cf we have the operator 

x" 1 

hom A (Cf,Cf) > Conef(Cf) > hom A (B, Cf) 

by (3.4) which carries the identity of Cf to if. Moreover for U = tA we have the 
operator 

hom A (tA, tA) — — > Cone f (tA) — ^-s- hom A (Cf, tA) 

by (3.4) which carries the identity of tA to qf. 

Of course if and qf depend on the representation (C/,%/) of Cone/. Using the 
exact sequence (3.4) we get by a representation the following diagram in Ab 

(4.3) 

hom A (tB, U) — hom A (tA, U) — >• Cone f (U) hom A (B, U) — — > hom A (A, U) 

hom A (tB, U) — — ► hom A (tA, U) > hom A (C f ,U) — — > hom A (B, U) — — > hom A (A, U) 
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Here we have i*j\f = 1 since 

qXf 1 ^) = qx^ialcf) = a*qx] 1 (lc f ) 
= a*if = i*f{oi). 

Similarly we get Xfi — <?/ by 

Xfi(fl) = Xfi(flU A ) = (3*Xfi{hA) 
= P*qf = q}P- 

Hence diagram (4.3) commutes and therefore the bottom of (4.3) is an exact se- 
quence. Compare also (1.5). 

Proposition 4.4. IfConef is representable by (Cf,Xf) then there exixts a diagram 
in B 



o 




with the properties 

Xf{if,if} = b •• 
a-^qfifD^)/) = l tA G D(A,tA). 

Proof. We have 

*(Ua) = x7 1 «*(itA) - xj^qAcf) = q/*{if,h} 

Hence by definition of i and the equivalence relations in Conef there exists q/ such 
that the following diagram represents the trivial track. 



o 




This yields the second formula in (4.4). 

□ 

The converse of (4.4) is also true. We get the following criterion for representability 
of cone functors. 
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5 Toda complexes 



Theorem 4.5. Let f : A — > B be a map in B . Then Conef is representable if and 
only if there exists a diagram in B 



o 




o 



which by pasting yields el t A € D(A,tA), with e = 1 or e = — 1 and for which the 
bottom row in (4-3) is exact for all U. 

Proof. If Cone/ is representable then a diagram as in (4.5) exists by (4.4). Conversely 
given a diagram as in (4.5) we define the function 

Xj 1 '■ homA_(Cf, U) — > Conef (U) 

which carries a to a*{if, i}. Now we obtain a diagram as in (4.3) satisfying i*fXf = Q- 
Moreover Xf Qf — e * since the diagram in (4.5) represents eltA, compare the proof 
of (4.4). Hence diagram (4.3) commutes up to sign and therefore Xf is a bijection by 
the five lemma. 

□ 

5 Toda complexes 

As in (2.4) let B an additive track category with homotopy category A and bifunctor 
D. A Toda pair (H, G) is a diagram in B of the form 



(5.1) 




o 



We say that (H,G) is associated to the triple (a,b,c) where a = {a}, b — {/?} 
and c = {7} are homotopy classes in A. Moreover we say that (H, G) represents 
£ e D(Z,W) or [H\G] £ Aut[ Z)lt) j(a/37) if the equation 

(1) ct(£) = [H\G] = aHDG B j 

holds where we use a in (2.4). We point out that the convention in (1) uses the 
positive direction of H to define £. Given a triple (a, b, c) in A with ab = and be = 
the Toda bracket 

(2) < ai b,c>C D(Z,W) 
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consists of all elements £ represented by Toda pairs associated to (a,b,c). This is a 
coset of 

~1*D{Y, W) + a*D(Z, X) c D(Z, W). 

We now define a Toda complex by a sequence of maps d — d n : X n _\ — > X n , 
n G Z, in B together with a sequence of tracks H n as in the diagram 




o 



Hence (H n _i,H n ) is a Toda pair representing a n G _D(X„_ 3 , X„) for neZ. 

Let X = (X n ,d n ,H n ,n G Z) and X' = (X' nl d' nl H' n ,n G Z) be Toda complexes. 
A morphism between Toda complexes f : X — > Y" is a sequence / = (/„, F„, n G Z) of 
maps /„ in B and tracks F„ in Bi as in the diagram 



(5.3) 




such that this diagram represents the trivial track for all n, that is 

/n-ffn = K/n-2nrfI,fn-in^ii4-l' 

Let Tod be the category of Toda complexes and morphisms as in (5.3). We have 
the shift functor 



(5.4) 



sh : Tod Tod 



which is a strict isomorphism of categories defined as follows. For X = (X n , d n , H n , n e 
Z) in Tod let sh(X) = {X' n , d' n , H' n , n e Z) be given by X' n - X n+1 , d' n = d n+u H' n = 
H n+ i. 

We also define the category of rows denoted by row as follows. A row in B is 
a sequence of maps (X n ,d n : X n _\ — > X n ,n G Z). A map / : (X n ,d n ) — ► (X' n ,d' n ) 
between rows is a sequence / = (/„, F n , n G Z) of diagrams in B 



14 



6 Triangulated track categories 



(5.5) 




Two such maps /, /' : X — > X' are homotopic if there exists tracks G n : /„ 
such that for ra £ Z 

«G n _i)nF n = ^□(G„rf„). 

A weak equivalence in row is a map / for which all /„ are isomorphisms in the 
homotopy category A. 

We have the shift functor also on the category row and the faithful forgetful 
functor 

(5.6) Tod — ► row 

carries X — (X n , d n ,H n ) to (X n ,d n ). Then we say that the Toda complex X extends 
the row (X n , d n ). 



6 Triangulated track categories 

Let B be an additive track category with a strict translation functor t : B — > B as in 
(2.8). Let A be the homotopy category of B and t : A — > A the induced translation 
functor on A. 

A track triangle is a diagram in B 




for which the Toda pairs (Ho, Hi), (H\,H2) and (H2,tHo) represent l t A,—^tB and 
ltc respectively, see (5.1). As in (1.2)(1) a track triangle can be equivalently described 
as follows, compare the notation in section 5. 

Definition 6.2. A track triangle X is a Toda complex in B satisfying the following 
properties: 



(1) sh 3 (X)=tX 

that is, for X = (X n , d n ,H n ,n e Z) we have X n+3 = tX n , d n+3 = td n , H n+3 = tH, 
Moreover the Toda pairs (H n _\,H n ) represent for n £ Z the element 
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<r[H n -i\H n ] = (-iy l+1 l Xn G D(X n _ 3 ,X n ) = hom A (tX n _ 3 ,X n ) 

(2) =hom A (X n ,X n ) 

given by the identity lx n of X n . A map between track triangles X, X' is map / : 
X — > X' between Toda complexes such that 

(3) sh 3 (f) = tf, 

that is, for /=(/„, F n , n G Z) we have f n+3 = tf n , F n+3 = tF n . 

Remark 6.3. If B has a (non strict) translation functor we define a track triangle X 
as in (6.1) but we replace the track tHo by the obvious track (tif)(tf) => given by 
tHo and the pseudofunctor track U f j. Similarly we define maps between such track 
triangles. For details see [IV]. It is easy to generalize the results and proofs in this 
paper to the non strict case. 

The definition of a track triangle in B is motivated by the representability result 
for cone functors in (4.5) which implies: 

Proposition 6.4. Given a track triangle X one gets for n G Z representations of 
cone functors 

hom A {X n ,U) S Cone An _ x {U) 

which carry a to a*{d n ,H n }. Moreover the exact sequences (4-3) for these represen- 
tations coincide up to the sign with the long exact sequence 

... — » hom A (X n+1 ,U) — » hom A (X n , U) — > hom A {X n -i,U) 
induced by X with neZ. 

Proof. Using (4.5) we only have to show that the sequence is exact. We do this for 
n = 1 so that by the convention (1.2) (1) we have X\ = tA. The track H 2 implies that 
d*d* = 0. Hence it remains to show ker(d*) C image(d*). Let a : t A — > U be a map 
with G : aqf => 0. We then construct a map (3 : tB — > U in A with (3(tf) = ±ta. Let 
(3 be given by the Toda pair (Hi,G), that is, a([3) — [H\\G] as in (5.1). Then we get 

*((*/)*/*) = f*[Hi\G] - ±a,[flo|#i] - ± a.<7(l M ) = a(±a). 
This completes the proof □ 

Definition 6.5. Let B be an additive track category with a (strict) translation func- 
tor t : B — > B as in (2.8) or (2.11). Then B is a triangulated track category if B is 
equipped with a distinguished family of track triangles which is subject to the follow- 
ing axioms: 

(TTrl) For each morphism / : A — > B in Bo there exists a distinguished track triangle 
X extending /, that is, cLi = /. 
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6 Triangulated track categories 



(TTr2) Let X and X' be distinguished track triangles extending / : A — > B and /' : 
A' — > £?' respectively and let 



A' ; 

be a diagram in B. Then there exists a morphism h = (h n , H n , n G Z) : X — > X' 
between track triangles extending (a, 6, iJ), that is /i_ 2 = a, h-\ = 6, H-\ = H. 

The category Ch(A) of chain complexes in (2.9) and the category Spec in (2.10) 
are examples of triangulated track categories with a strict translation functor. More- 
over a stable cofibration category as in (2.12) is an example of a triangulated track 
category with a non strict translation functor, see (2.11). 

The author does not know any example of a triangulated category which is not 
derived from a triangulated track category. We shall use triangulated track categories 
in [II]. 

We are ready to describe the main result of this paper. 

Theorem 6.6. Let (B,i) be a triangulated track category and let A be the homotopy 
category o/B and t: A — > A be induced by t : B — > B. Let £ be the class of triangles in 
(A,t) which are induced by track triangles in (B,i) via the quotient functor Ho — > A. 
Then (A, t, £) is a triangulated category. 

More precisely we prove the following addendum. 

Addendum 6.7. Let B be an additive track category with a strict translation functor 
t : B — > B inducing t on the homotopy category A o/B. Let £ be the class of triangles 
in (A, t) which are induced by track triangles in (B, t). Then (A, t, £) satisfies axioms 
(TrO), (Tr2) and (TrS). Moreover, if (B,i) is a triangulated track category, that is, 
B,t) satisfies (TTrl) and (TTr2), then (A,t,£) is a triangulated category, that is, 
(TTrl) obviously implies (Trl) and (TTrl), (TTr2) both imply (Tr4). 

The theorem has a generalization for an additive track category with a non-strict 
translation functor t: B — > B, sec [IV]. In fact in [IV] we show that (B,i) determines 
a characteristic cohomology class 

V = (B,t) G H 3 (A,t) 

in the translation cohomology of (A, t) defined in [III]. Moreover, the triangulated 
structure £ of (A.t) depends only on this class, that is £ = £y 

We point out that the family of exact triangles in A is well defined only by the 
additive track category B and the translation functor tonB, that is, the distinguished 
track triangles in (6.5) are not used in the definition of exact triangles in A. The next 
result shows that each exact triangle in A is isomorphic to an exact triangle induced 
by a distinguished track triangle. For this we use (TTrl). 
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Proposition 6.8. Let X and X' be track triangles both extending f : A — > B. Then 
there exists a commutative diagram in A 

A ► B > C > tA 

h 

A > B > C > tA 

where the rows are the exact triangles induced by X and X' and where h is an iso- 
morphism. 

Proof. We have a commutative diagram of natural transformations, see (4.3) and 
(4-4), 

hom&(C, U) 

hom,A{tA, U) — > Conef(U) hom A (B, U) 

^^^m A (C",C/) 

Now the isomorphism in the middle carries the identity of C to h and carries the 
identity of C to the inverse of h. 

□ 

Proof of (6.6). We show (TrO), (Tr2) and (Tr4) in the following sections. We here 
only consider (Trl) and (Tr3). It is clear that (TTrl) implies (Trl). Moreover given 
track triangles X and X' extending / and /' we find by (TTrl) distinguished track 
triangles Y and Y' extending / and /' and we can choose (a, b) as in (TTr2) inducing 
the square in (Tr3). Then (TTr2) yields a map Y — > Y' between distinguished track 
triangles extending (a,b). Using this map and (6.8) we get (Tr3). 

□ 

Remark 6.9. Grandis [G] describes triangulated categories derived from an abstract 
setting of homotopical algebra. This setting axiomatizes the behaviour of continuous 
maps and homotopies between them and does not use tracks as above which are 
homotopy classes of homotopies. 

7 Induced Toda complexes and proof of (TrO) 

Lemma 7.1. Let X be a Toda complex extending the row (X n ,d n ) and let f : 
(X n ,d n ) — > (X' n ,d' n ) be weak equivalence between rows. Then there exists a unique 
Toda complex X' extending (X^,d' n ) such that f : X — > X' is a morphism between 
Toda complexes. 

We denote X' = f*X the Toda complex induced by the weak equivalence f. 
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7 Induced Toda complexes and proof of (TrO) 



Proof. Since /„ is an isomorphism in A we can choose a track G n : d' n d' n _ l => 0. 
Then the tracks (H n , F n _i, F n ,G n ) represent an element € D(X n _<2,X' n ) and 
hence we can alter G n by (/^_2) _1 (0 <= D(X' n _ 2 ,X' n ) so that we get H' n . Then 
(H n , F n ^i, F n , H' n ) represents the trivial track and hence / : X — > X' is a morphism 
between Toda complexes with X' = {X' n ,d' n , H' n , neZ). 

□ 

Lemma 7.2. Let X be a track triangle in B with row (X n , d n ) and let f : (X n ,d n ) — > 
{X' nl d' n ) be a weak equivalence of rows with sh 3 f = tf. Then the induced Toda 
complex f*X is a track triangle. 

Proof. We only show that the Toda pair Hq, H[ represents l t A' ■ Let F — F_\, G = 
F , H = Fi and a = /_ 2 , b = c = f , e = fi be given by / = (/„, H ni n G Z). 
Moreover we write d — di and d — d\. Assume the Toda pair (Hq,H[) represents 
£; € £)(A',L4'). Then we get the equations: 

cr(a*£) = (^□(i? 1 d) H )a 
= dH^aD(H[) B da 
= d(cHoDG B dDdF B )a({H[) B bd) 
= d{cH UG B dUdF B )U{dGUHdUeH B )d 
= dcH UdG B dUddF B UdGdUHddUeH B )d 
= edH ndG B dndGdDeH B d 
= e(dH aH B d) 

= <T((ta)*l t A) 
= a(l tA 'ta) 
= a(a*l t A>) 

Here a : A — > A' is the isomorphism induced by a. We know that e induces tee. 
The equations above show that £ = 1^'- 

□ 

Proof of (TrO) in (6.6). The identity 1a yields a track triangle by considering 




o 



Here H = 0, H 2 = since * is a strict zero object and H\ = <r(— It a)- Therefore 

A — ^— > A > * > i A 

is exact. Next let a : T = T' be an isomorphism of triangles where T is induced by 
the track triangles X. We obtain for T' a cochain complex {X' n , d' n ) in A as in (2.1) 
and we choose a row (X' n , d' n ) in B representing this cochain complex. Then a shows 
that there is a weak equivalence of rows / : (X n ,d n ) — > (X' n ,d' n ) with s/i 3 / = tf 
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inducing a so that the track triangle /*X is defined by (7.2). Hence T" is induced by 
/*X and therefore T 1 is exact. 

□ 



8 Negative Toda complexes and the proof of (Tr2) 

Let B be an additive track category with B~ = A. In this section we use the existence 
of strong products X x Y in B. The case of strong coproducts is treated in a dual 
way. We can choose for each object X maps in B 



fj, : X x X — > X 



-l x :X^X 

which induce (lx,lx) and —lx m the additive category A. Moreover we choose 
tracks 



tx 
r'x 



Mx(lx.-lx) 
A*x(lx,0x) => lx 



Here Ox : X — > * — > X is given by the strict zero object * in B. We now define 
for each morphism / : X — ► Y in B tracks T/ and as in the diagrams (compare 
[Bal]): 



(8.1) XxX- 



/x/ 



47x1- 



MX 




-ly 



Here F^T is the unique track for which the diagram 



i XxX- 



->y x r => i 
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8 Negative Toda complexes and the proof of (Tr2) 



represents the trivial track D : / => f for e = 1 and e = 2 with i\ = (0,1) and 
i2 = (1,0). Moreover Tf is the unique track for which the following diagram represents 
the trivial track D : => 0. 




^ X xX- 



(o D ,r / ) 




The uniqueness of rj^ and T f follows from the biadditivity of the coefficient functor 
D in the additive track category B. 

Lemma 8.2. Pasting in the diagram 



(1) 




yields the track T g f . Moreover for each track H : f => g pasting in the diagram 



(2) 




yields Tf. 

Using T-tracks (8.1) we can define the negative of a Toda complex 
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(8.3) 



neg(X) = X~ = (X~ , d~ , H~ , n G Z) 



with X~ = X n and d~ = d„ for n = 0, 1 mod 3 and d~ = (— lx„)dn for n = 2 mod 3. 
Moreover H~ is obtained by H~ = H n for n = 1 mod 3 and -ff~ = (-lx„)ff n for 
n = 2 mod 3 and for n = mod 3 the track H~ is given by pasting the diagram 



Here we have d ra _ 1 = (— l)d„_i and d n = d„. 

Proposition 8.5. Toda pairs H~) in the negative Toda complex neg(X) = 

X~ satisfy the formula 



a-^H-^H-j = -cj-^Hn^Hn] e D(X n _ 3 ,X n ) 



Proof of (8.5). We check three cases 



[#ri#2~] 

= [Hi\{-\)H 2 ] 

= (-i)d 2 i/ 1 n(-i)i/ 2 H do 

= (-l)(d 2 tfiQff 2 H d ) = {-1)[H 1 ,H 2 ] 

= d 3 (-i)H 2 nr®d 2 d 1 n(-i)Hfd 1 
= (-i)d 3 H 2 n(-i)H 3 B d 1 

= (-l)(d 3 ^2nfffdi) = (-l)[tf 2 |#3] 

[#3~l#4~] 

- d4((-i)ff 3 nr d3 d 2 )ni/ 4 H (-i)d 2 
= (-i)d 4 i/ 3 n(r d4 d3d 2 nd4r (i3 d 2 )ni7 4 H (-i)d 2 
= (-i)d 4 ff 3 nr d4d3 d 2 nff 4 H (-i)d 2 ,sce (8.2)(i), 
= (-i)d 4 ff 3 n(r d4d3 nff 4 H (-i))d 2 

= (-l)d 4 ff 3 n((-l)ff 4 H nr )d 2 ,sce (8.2)(1), 

= (-i)(d 4 ff 3 nH 4 H d 2 pr d 2 

= (-1)[H 3 \H4 



Here r for : X -> * Z is trivial by (8.2) (1). 



(8.4) 




□ 
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9 Proof of (Tr4) 



The shift functor sh in (5.4) does not carry track triangles X to track triangles 
since sh(X) does not satisfy condition (6.2) (2) on Toda pairs. We get, however, by 
(8.5) and (8.2) (3) the next result. 



Proposition 8.6. If X = (X n ,d n ,H n ,i eZ) is a track triangle then (H 1 ,H 2 ,H 3 ) 
and (HZx, Hq , H2) are track triangles in the sense of (6.1). 



Proof of (Tr2). Let X be a track triangle in B inducing (u,v,w) in (Tr2). Then by 
(8.6) we get track triangles (HZ , HZ , HZ ) and (HZi , Hq , HZ ) inducing (v,w,—tu) 
and (— i _1 w,u,t>) respectively. Here we assume that B has strong products. If this 
is not satisfied we can choose by [BJP] a track category B' with strong products 
and a pseudofunctor A: B — > B' with homotopy inverse p: B' — > B inducing the 
identity on A and coefficients D. For X in B we get the Toda complex XX in B' and 
neg(XX) = (X~ ,d~ , H~ ,n G Z) is defined as above. Then (pH^ , pH 2 , pH^) and 
{pHZ 1 , pHZ , pHZ) are track triangles in B inducing (v,w, — tu) and (— t~ lr w, u, v) 
respectively. □ 



Proof of (6.6). Let B be an additive track category with (strict) translation functor t. 
Then track triangles in B yield exact triangles in A which satisfy (TrO) and (Tr2) by 
the proof above. Moreover, by an argument as in the proof of (6.7) we see that (Tr3) 
holds, compare [IV] 7.5. If B is a triangulated track category then (TTrl) shows that 
(A, t, £) satisfies (Trl). Moreover (A,t,£) satisfies (Tr4) by the proof in the next 
section. Hence (A, t, £) is a triangulated category. □ 



9 Proof of (Tr4) 



Using (6.8) we see that (Tr4)(#) is isomorphic to a sequence of the form (Tr4)(#) 
where, however, C U ,C V and C uv are chosen by distinguished track triangles. Then 
(TrO) already proved above shows that it suffices to prove (Tr4) for such distinguished 
choices. We consider the following diagram in B. 
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A =A > B 




o %o tB > tC = tC 



\^ d % d' 
ir 1 tw +c 

The subdiagrams without tracks are commutative. Let C u — (H , Hi, H 2 ) be a 
distinguished track triangle extending the left column, let C vu — (Hq, H[, H' 2 ) be 
a distinguished track triangle extending the column in the middle and let C v = 
(Hq,H",H2) be a distinguished track triangle extending the right hand column. 
Then (TTr2) shows that we can find tracks F, G and F' , G which determine maps 
between track triangles C u — > C vu and C vu — > C v respectively. This implies the 
equations 

(1) (tw)(tH ) - {tH' G )U{tF){tu) 

(2) H' 2 = {H^u)U{tv)G' 
Moreover we know {H 2l tH' ) represents 

(3) °{Uc m ) =d'H' 2 U{tH' fd' 
Therefore we get the equation 
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(4) o{Uc vu ) = d'H^uDd'{tv)G'D{tF)(tu)d'D{tw){tH ) B d' 

We now choose a distinguished track triangle for the map u : C' vu — * C v which 
exists by (TTrl). This yields C fi and the following diagram in the homotopy category 
A where the bottom row corresponds to (2.3)(#). 



(5) C a 




We shall construct a map tp for which this diagram commutes. For this we use 
the representation \ '■ Cone a (U) — > hom^Cu^U) defining i u , q u as in (8.5) with 
U = tC u . Moreover we use the following diagram of tracks: 



(6) C vu > C v 




According to (4) this diagram represents <j{ltc vu )- Now let 

(7) ip = x{a,a} with a = dd" and a = (tH a )d'Dd{G') B 

Then we have ipi u — dd' and we get (tw)(p — —q v since using R = (d'H^ D(tF)d") B 
yields the equation 

(8) \{{tw)<p) = (tw)*{a, a} = {(tw)a, (tw)a} = {0, <r(-l t c vn )} = x(-fe) 

Hence the proof of the commutativity of (5) is complete. 
Finally we observe that there is a commutative diagram 



25 



[I] Triangulated track categories 



H.-J. Baues 



(9) 



hom A (tC vu , X) - — — > hom A (tC u ,X) hom A (C v ,X) — - — > hom A (C vu , X) 



ix 



tx 



Cone vu (t~ x X) — — > Cone u {t^ x X) - 



Cone v {X) 



Cone vu (X) 



Here the bottom row is the exact sequence in (3.6). The vertical arrows are isomor- 
phisms as in (4.4) by the track triangles C Vl C u and C vu respectively. One readily 
checks by the properties of maps between track triangles that the diagram commutes. 
Hence the top row is exact by (3.6) and therefore ip in (5) is an isomorphism. Now 
(TrO) shows that the bottom row of (5) is an exact triengle. This completes the proof 
of (Tr4). 

10 The dual of a triangulated track category 

We have seen in (1.5) that an exact triangle A ~ > B ^> C — > tA in & triangulated 
category A induces for each object U of A the long exact sequence 

(10.1) 

horriAiU^A) -> hom A (U, r x B) -> hom A (U, t~ 1 C) -> hom A (U,A) h hom A (U,B) 

which resembles the exact sequence for the dual cone functor Cone* in (3.4). In fact 
we get: 

Proposition 10.2. Let B be a triangulated track category. Then for each f : A — > B 
in Bo the dual cone functor Cone^ has a canonical representation 

X : Cone f (U) S horn A (U \t~ l C » 

r 

where A — > B — > Cf — > tA is induced by a track triangle extending f. Moreover \ 
yields an isomorphism of exact sequences (3.4) and (10.1). 

Proof. We have the tracks 




which define the element 

{w.JT-i} g Cone^t^Cf). 
Now we define the inverse of x in (10.1) by 
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11 The natural notion of good morphism 



x -\a)=a*{w,H_ 1 }. 



We claim that the following diagram commutes up to sign 



Conef(U) 





x 



- 1 



homx(U, A) 





homxiU^Cf) 



where i and q are defined as in (3.4). In fact qx 1 = w* since 



QX 1 ( a ) = q{wa, H n -ia} = wa = w*(a) 



Moreover, for S <E homx{U,t 1 B) we have to show that iS — \ lu *$ = X 1 (uS) 
where 



Hence it suffices to prove that in Conef(t~ 1 B) we have {0, al t -i B } = —{wu.H^iu}. 
But this follows since the pair (i?_2, -H-i) represents crls. Hence we proved x~ lu x = 
—i. Using the exact sequences (3.4) and (10.1) we sec that x 1 is arL isomorphism 
and the proposition (10.2) is proved. 



Proposition (10.1) corresponds to the following result: 

Theorem 10.3. The categorical dual B° p of a triangulated track category B is again 
a triangulated track category with translation functor given by the inverse t^ 1 of the 
strict translation functor t for B. The distinguished track triangles in B° p are the 
duals X op of distinguished track triangles X in B with X° p = X_ n . 

11 The natural notion of good morphism 

This section should be compared with section 3 in [Ne] which has the same title. Let 
B be a triangulated track category with homotopy category A and quotient functor 
p : B — > A. Then p induces the functor 



Here THa is the category of triangles in A and morphisms as in (2.1). Moreover 
TTVb is the category of distinguished track triangles in B and maps as in (6.2). 
A special isomorphism in TriA is an isomorphism of the form 



iJ = {0,<7<f} = <J*{0,<7l t -i B } 

X^{u5) = S*x~ 1 (u) = 5*{wu,H- lU } 



□ 



(11.1) 



p : TTr B -► Tri A 
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(11.2) A > B >C* >tA 



A > B > C > tA 



For example (6.8) yields such special isomorphisms. We use the functor p in (11.1) 
and special isomorphisms for the following definition: 

Definition 11.3. A good triangle is a triangle T in THa together with an equivalence 
class of special isomorphisms 



T = p(X) 

where A is an object in TTtb- Two such isomorphisms T = p(X), T = p(Y) are 
equivalent if there exists a map X — > Y in TTtb inducing the composite p(X) = T = 
p(Y). A good morphism between good triangles T,T' is a morphism / : T — > T" in 
TriA for which there exists a commutative diagram in THa 



P{X) 



p(<p) 



f 



where a and a 1 are representing the equivalence classes of isomorphisms for T and T" 
respectively and where p(ip) is induced by a map ip : X — > A' in TTtb- Let GTr be 
the category of good triangles and good morphisms. We have the faithful forgetful 
functor 



F : GTr — > Tri A . 

Theorem 11.4. For a triangulated track category B the homotopy category A of B 
together with the functor F : GTr — > Tru satisfy the axioms (GTR1)...(GTR10) 
of a good triangulated category defined in [Ne](3.4)- 

We do not want to recall the 10 axioms of Neeman and leave the proof of the 
theorem to the reader. The author docs not know any examples of triangulated 
categories or good triangulated categories which are not given by triangulated track 
categories. Therefore it seems reasonable to replace the complicated set of axioms 
(Trn) for n — 0, ...,4 or (GTRn) for n — 0, 10 by two very natural axioms (TTrl) 
and (TTr2) of a triangulated track category. Many of the numerous results on trian- 
gulated categories in the literature have an analogue in a triangulated track category 
yielding a natural and interesting extension of such results. 
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[II] 



Principal maps in triangulated categories 
and maps between 2-stage spectra 

H.-J. Baues 

Abstract 

Using the two natural axioms on track triangles in a triangulated track cate- 
gory we show that the mapping cone construction is functorial, that is, principal 
maps between mapping cones in a triangulated category can be identified with 
the homotopy classes of homotopy pairs. This is applied to obtain an algebraic 
model of the category of principal maps between 2-stage spectra. 



Introduction 

Consider the following commutative diagram in a triangulated category with transla- 
tion functor t 




>t(A) 



*(/) 



t(A) 



Here the rows are exact (i.e. distinguished) triangles and C is called a cone of d. Then 
one of the axioms of a triangulated category says: Given f and g with gd = d! f , then 
there exists h such that the diagram commutes. Conversely we define that a map 
h : C — ► C is principal with respect to the cone structure of C and C if there exists 
(/, g) such that the diagram commutes. 

It is an old mystery in triangulated categories how pairs (/, g) and principal maps 
h are related. For this compare Gelfand-Manin [GM] IV. 7 who remark: "This non- 
functoriality of a cone is the first symptom that something is going wrong in the 
axioms of a triangulated category. Unfortunately, at the moment, we don't have a 
more satisfactory version. " We think that triangulated track categories as introduced 
in [I] are in this respect more satisfactory since we show that in a triangulated track 
category the category of principal maps is equivalent to the homotopy category of the 
category of homotopy pairs. This leads (in the case of the stable homotopy category 
of spectra) to the algebraic computation of all principal maps C — ► C where A, B, 
A' and B' are finite direct sums of Eilcnberg-Mac Lane spectra over a prime field F. 
In this case we call C and C 2-stage spectra, see (1.5) and section 6. 



2000 Mathematics Subject Classification: 18D05, 18E30 

Key words and phrases: triangulated categories, groupoid-enriched categories, homotopy pairs, 
principal maps 
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1 Principal maps 



Let A be a triangulated category with translation functor t : A 
additive equivalence. Then a distinguished family of triangles 



A which is an 



(1.1) 



X 



(A- 



do 



> C — tA) 



termed exact triangles, is given satisfying axioms (TrO)...(Tr4), see [Nel], [We]. We 
also write C = d- A morphism between exact triangles X — ► X' is a commutative 
diagram in A of the form 



(1.2) 



X 



X 1 = {A 1 




We say that the morphism (/, g,h) : X — > X' extends the map h : C — ► C and 
we say that a map h : C — ► C in A is principal with respect to X and X' if there 
exists a morphism X — ► X' extending h. Let ET be the category of exact triangles 
(1.1) and morphisms (1.2). Then we have the forgetful functor 



(1.3) 



ET 



which carries X to C and (f,g,h) to h. The image category of this functor is the 
category Prin of principal maps. Objects in Prin are exact triangles X, X' and 
morphisms X — ► X' in Prin are the maps C — ► C in A which arc principal, i.e. 
in the image of the functor (1.3). We have the faithful functor Prin — > A. 

Lemma 1.4. A map h : C — ► C is principal with respect to X and X' if there 
exists a commutative diagram in A as in (1) or (2) respectively. 



(1.5) 





HA' 



Axiom (TV3) says that given (f,g) as above with gd = df there exists (/, g, h) : 
X — ► X' extending (/, g). Here, however, the map h is not well defined by the pairs 
(f,g)- Therefore the axiom yields a misterious relationship between the pairs (/,</) 
and the principal maps h : C — ► C in a triangulated category. In this paper we 
clarify this relationship in the context of a triangulated track category [I] . This leads 
in section 6 below to a computation as in the following example. 

Example 1.6. Let A = Spec be the stable homotopy category of spectra. Then A is 
a triangulated category. For a prime field F we have the full subcategory 

2- stage C Prin. 

The objects of 2-stage are triangles X for which A and B arc finite direct sums of 
Eilenberg-Mac Lane spectra over F. Hence for an object X = Cd in 2-stage the map 
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2 The category of homotopy pairs 



d : A — ► B in A is algcbraicly determined by a map between free modules over the 
Steenrod algebra. Also for objects X — ► X' in 2-stage the map (/, g) : d — ► d! is 
easily expressed algebraicly. It is, however, an old problem to compute the principal 
maps Cd — > Cd> in the category 2-stage, see [KM] . As an application of the main 
result in this paper we obtain an algebraic description of the category 2-stage in 
terms of the pair algebra B of secondary cohomology operations computed in [Ba3] , 
see section 6. 



2 The category of homotopy pairs 

Let B be a triangulated track category (see [I]) with strict translation functor t : 
B — ► B and homotopy category A. Then we have a linear extension of categories 

(2.1) D — ► Bi =4 B — ► A 

with coefficient D(A,B) = Homx(tA,B). Here B = (Bi =t Bo) is a track category 
(i.e. a groupoid enriched category) with hom-groupoids {A, B] for all objects A, B 
in B. The objects of the groupoid \A, BJ are maps / : A — ► B (or 1-cells) and 
morphisms, denoted F : f /', arc called tracks (or 2-cells). The 1-cells are the 
morphisms of the category B . Two 1-cells /, /' are homotopic if there exists a 
track / => f. The homotopy classes of 1-cells in Bo are the morphisms in A and 
B — ► A is the quotient functor. The track category B has a strong zero object 
* with [A,*j = = [*, A} which yields the zero maps : A — ► * — ► B in B . 
Moreover, we assume that B has strong coproducts A V B (which yield the direct sum 
A © B in A) with [A VB,C] = (A, C\ x [B, Cj. 

A track-triangle X = (H , Hi,H 2 ) in B is a diagram of the form 




o 



satisfying certain properties [I] . In a triangulated track category B one has a distin- 
guished class of track triangles subject to two axioms (TTrl) and (TTr2)'. We show 
in [I] that the two axioms imply that A is a triangulated category in which exact 
triangles are induced by track triangles via the quotient functor B — ► A. 

Definition 2.3. Let B be a track category. Then the category HP of homotopy 
pairs in B is defined as follows. Objects are the morphisms d : A — ► B in Bo and 
morphisms F : d — > dl in HP arc diagrams 



A— A' 
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in B. Composition in HP of the morphisms 




is defined by //', gg' and 



F'UF = F'fD g'F. 



Here F □ G denotes the composition of tracks. Let F B be the inverse of the track 
F. 

Proposition 2.4. Let B be a triangulated track category. Then there is a functor 



tp : HP > Prin 

from the category of homotopy pairs in B to the category of principal maps in A such 
that this functor is full and representative. 

This result shows that there is a natural equivalence relation ~ on HP such that 
quotient category HP/ ~ is equivalent to the category Prin. We shall compute 
the equivalence relation in section 4. The functor ip in (2.4) corresponds to the 
construction of principal maps between mapping cones in [Ba2] . 

Addendum 2.5. If B has strong coproducts then there is a functor ip in such a way 
that tp carries coproducts in HP to coproducts in A. 

Proof of (2.4). For each object d : A — ► B we choose a distinguished track triangle 
X = Xd as in (2.2) extending d, this corresponds to axiom (TTrl) in B. We define 
the functor ip on the object d by ip(d) = d where C = Cd is given by X as in (2.2), 
that is tp(d) is the triangle induced by Xd in A. Let (/, g, F) : d — ► d' be a morphism 
in HP. Then we can choose by the axiom (TTr2)' in B a map <p : Xd — > X& between 
track triangles extending (f,g,F). The map ip defines a map h : Cd — ► Cd' and a 
track G as in the diagram 

(1) 




which represents the trivial track 
sponds via the representation 



0. The homotopy class {h} of h in A corre- 



(2) 



{h} e hom A (C,C') S Cone d (C') 
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3 Cogroups and T-tracks 



in [I] (4.4) to the element {hd, hH } in Coned{C). By the equivalence relation defin- 
ing the cone functor in [I] (3.1) (1) we see that for any other map tp' : Xd — ► 
extending (f,g,F) we have 

{hd, hH } = {d'g, hH Q DG B d} ( = } {d'g, H' JUd'F} 

(3) = {d'g, h'H Q nG' B d} = {h'd, h'H } 

Here (h 1 , G') is given by tp' and in (*) we use the fact that diagram (1) represents the 
trivial track. This shows that the homotopy class {h} oi h does not depend on the 
choice of tp. We now define the functor tp on morphisms by ip(f,g,F) = {h}. It is 
clear that tp is a well defined functor. By [I] (6.6) we see that tp is representative, that 
is, for each exact triangle (1.1) in Prin there is an object d in HP with tp(d) = C in 
Prin. Finally we check that the functor tp is full. For this let h : tp(d) — > ip{d') be 
a map in Prin. Then we can choose (g, G) as in (1) such that (g, h, G) : d — ► d' is 
a map in HP with do = d : B — > C. We can find a map tp' : Xd — ► Xd> g extending 
(g, h, G) and we define (/, F) in such a way that the strict translation functor t on B 
yields (tf,tg,tF) as part of tp . Then we get ip(f,g,F) = {h}. This completes the 
proof of (2.4). □ 

For the proof of the addendum we observe that the coproduct of track triangles is 
a track triangle. 

3 Cogroups and T-tracks 

Let gr be the category of finitely generated free groups < E > . 

Definition 3.1. Let C be a category with coproducts X V Y. Then a cogroup X in 
C is given by a coproduct preserving functor 

gr 

which carries Z to X. If B is a track category with strong coproducts X \/Y then a 
pseudo cogroup X in B is a pseudo functor 

gr ^B 

which preserves coproducts. Hence we have for a :< E > — >< E' > in gr a map 
a* : W E X — > V E >X and for (3 :< E > — >< E" > we have a track 




((3a)* 

We call t a linearity track for X. 

For -1 : Z -> Z we write -l x = (-1)* : X ->■ X and for i x + i 2 ■ Z -> Z V Z in 
gr we write (ii +12)* = «i+*2 : X ^ X V X. This is the comultiplication of X. 
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Now let B be an additive track category with strong coproducts and a strong 
zero object *. Then we obtain as in [I] (8.1) by use of the linearity tracks above well 
defined T- Tracks for each / : X — ► Y in Bq. 



(3.2) 



/v/ 

IVI--4YV1' 



X 



il+'h 



(1) 



X^X 

We use these tracks to define for —i\ + : X — ► X V X also the T-track 
(2) r : (-ii + i 2 )f -i\f + iif 

given by pasting in the diagram 



(3) 



/v/ 

X V X ———t- Y V Y 



r\/0t 



fvf 

XV X >YVY 



il+«2 



»l+»2 



-» Y 



Here 0° : / / is the trivial track. In [BP] wc prove the following result. 

Lemma 3.3. Let B be an additive track category with strong coproducts. Then each 
object X in B admits the structure of a pseudo cogroup. 

In some of the proofs below we assume that objects X in B are actually cogroups 
so that we omit this way the linearity tracks for X. We leave it to the reader to 
generalize the argument in case the linearity tracks are non trivial. 

Example 3.4. Let Sp F be the category of simplicial group spectra FX where X 
is a simplicial spectrum, see [Ka] (5.2). Then Sp F has a cylinder functor and the 
homotopy category Sp F / ~ = Spec is the stable homotopy category of the spectra. 
Moreover the associated track category for Sp F is a triangulated track category B 
with a strict translation functor t in which each object is a cogroup in B . Hence the 
results of this paper hold in particular in stable homotopy theory. 
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4 The homotopy relation for homotopy pairs 



4 The homotopy relation for homotopy pairs 

Let B be an additive track category with strong coproducts and a strong zero object. 
For each object X in B we choose the structure of a pseudo cogroup as in Lemma 
3.3. 

Definition 4.1. For a morphism d : A — > B in Bo we define the cylinder object 
1(d) by the diagram in B 

A — ^-4 A V B V A — ^-4 B V B 




Here we set <9i = (t'id, — ii + 22,^2^) and $2 = ii + «2^ — h- Moreover the track 812 is 
given by T in(3.2)(2) and by linearity tracks, that is, for 8182 = i\d+ (—ii + i2)d — i2d 
and 5 = i\d+d(—i\ +12) —i2d = (dV d)(i\ + (—21+22) — ^2) let 8182 be the composite 



<9i<9 2 => 5 : 



(dVd)r 



=>o. 



Here r is the appropriate linearity track. 

Definition 4.2. Let d : A — > B and d' : A' — > B' be objects in the category of 
homotopy pairs. Then two morphisms 

(d,g,F) , (f',g',F') : d — d' 

in HP arc homotopic if and only if there exists a map a : £> — ► A and there exist 
tracks 

such that pasting in the following diagram yields the trivial track =>■ 0. 




(/>,/') 

iV5Vi >■ A' 



b v b 



(9,9') 



4B' 



Here the left hand side of the diagram is given by the cylinder 1(d) in (4.1). 

Remark 4.3. A Toda complex X = (X n ,d n , H n ,n E Z) is a sequence of maps d„ : 

X n+ i ► X n and tracks : d n+ id n ==> in B. This is a secondary chain complex 

if all Toda pairs (H n+ll H n ) represent the zero element, see [I] (5.1). Let SCh be 



37 



[II] Principal maps in triangulated categories 



H.-J. Baues 



the category of secondary chain complexes with morphisms defined as maps between 
Toda complexes, see [I] (5.3). We consider an object d : A — > B in HP as an object 
X in SCh concentrated in degrees and 1, that is, X n = * for n ^ 0, 1. This way we 
have the full inclusion of categories HP C SCh. In [BG] we shall describe a cylinder 
L(X) in the category SCh which generalizes the cylinder 1(d) in (4.1). The cylinder 
I{X) yields a homotopy relation ~ on SCh such that one has the full inclusion of 
homotopy categories HP/ ~ C SCh/ ~. 

Theorem 4.4. Let B be a triangulated track category with strict coproducts X V Y . 
Then the functor ip in (2.4) induces an equivalence of categories 

ip : HP/ ~ ^ Prin. 

Hence the homotopy category of the homotopy pairs in B is equivalent to the 
category of principal maps in A = Bo/ ~. Results of this kind under connectivity 
and dimensional restrictions are described in [Ba2] . We prove the theorem in the next 
section. 



5 Proof of the equivalence (4.4) 

Let d : A — > B be a map of Bo and let C — Cd be given by a distinguished track 
triangle extending d, see (2.2). We consider the following diagram in B 



A — d -^B =B 




tA^^C do ^^C d 

Here d = i\d^ + i 2 do and T is defined by (3.2)(2). Moreover Ho is given by (2.2). 
The tracks in the diagram describe homotopy pairs in HP and wv is a map in Bo 
representing ^(TDHq 3 ) where ip is the functor in (2.4) and w = ip(T) and v = ^(H®). 
Here v is an isomorphism in A by (2.2). 

Lemma 5.1. Let Lp 7 ip' : C — ► X in B . Then ip ~ ip' if and only if there exists 
u : Cq — ► X in B with ui — (ip, ip') and uw — in A. 

Proof. We have ip ~ ip' if and only if (ip, ip')(— i\ + «2) — 0. Hence ip ~ ip' implies 
that (ip, ip')d = in A and hence there is u' with u'i — (ip, ip') in A. Then u'wj = 
so that u'w factors in A through the cofiber tB of j. This cofibcr is isomorphic to 
the cofibcr of i. Therefore we can alter u' by a map tB — > X in such a way that 
we get u with uw = 0. Conversely assume u is given. Then uv — and hence 
(ip, ip')(—i\ + i 2 ) = uwj = in A. □ 

Next we consider the following diagram in B where we use the cylinder object 
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5 Proof of the equivalence (4.4) 



1(d) in (4.1) 



(0,1,0) 

Ay By A >B 



di 



+ B y B 



day d Q 



>cyc 



tA 

Here V is given by {iiH 0l D , i2H ). We consider V and df 2 as morphisms in HP. 
Let v' and w' be maps which represent tp(V) and tp(d^ 2 ) respectively. We observe v' 
is an isomorphism in A. 

Lemma 5.2. We have v'w' = wv in A. 

Proof. We have wv — ip(TC\ H^) and v'w' = -0(VOc^). Therefore it suffices to 
show that in HP wc have the equation 



(1) 



TOH® = VOdf 2 . 



Let pi = (1, 0) : C V C — >C and p 2 = (0, 1) : C V C 
(1) holds if and only if (2) holds. 



C be the projections. Then 



(2) 



PipUHf) = p t (VDdf 2 ) for i = 1,2. 



This follows from the bilinearity of the coefficients D in (2.1). For convenience we 
now assume that additive tracks r in (3.1) are trivial tracks. Then we get p 2 V = 
(0 n ,H o ), p 2 df 2 = D and p 2 T = D . Hence (2) for i = 2 is equivalent to 



(3) 



= dod — Hq. 



This holds since for any track H : f one has D = H - H = H □ (/ - H). 

Next we consider the case i = 1 in (2). Then we have p\V = (Hq,CP), Pid® 2 = 
d + f with f : rf(-l) (-l)rf, piT = Tq 3 : (-l)cfo cfo(-l). Therefore (2) for i = 1 
is equivalent to 



fo H D^o B 



(ff H D )O(d + f). 



(4) 

In fact, we have 

(5) (H ,Q a )n(d + T) = (H ,O a )( H +i 2 d)nd (d + f) 

= (H Q + d (-i)d)n(d d + d f) 

= H + d f :0=^d a (-l)d 



On the other hand we get: 
(6) 



r H Otf H = r H dn(-i)if B 

= d f n(-H^) 
= d fn(H -d d) 

= H + d f. 



, see (7), 
see (3), 
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Here we use the fact that by the rules for T-tracks the following diagram represents 
the trivial track. 

(7) 0_ 








This completes the proof of (5.2). □ 

Proof of (44). Let d : A — ► B and d' : A' — ► B' be objects in HP and let F = 
(f,g,F) and F' = (f',g',F') be morphisms d — > d' in HP. We have to show that 
F is homotopic to F' as in (4.2) if and only if ip{F) = ip(F'). By (4.2) we obtain the 
following diagram in B. 








C d VC d 

Here w' , W and i are maps representing ip(d^ 2 ), ^P(F, a, F 1 ) and dVd C d\ respectively 
and tp and ip' are maps representing ip(F), resp. ip(F'). Since ip is a functor we have 
Wi = {ip,ip') in A. 

Now assume F ~ F' in HP so that a, a, (3 are given. Then we can choose W as 
above and we observe that Ww' in A is represented by pasting tracks df* 2 , (F, a,F') 
and Hq. Compare the proof of (2.4). This pasting yields the same element as the 
pasting of df 2 , (F,a,F r ) and f3 which by definition of F ~ F' in (4.2) represents 
0. Hence Ww' = and therefore (5.1) and (5.2) shows ip ~ i/j' since v and v' are 
isomorphisms in A. 

On the other hand assume now ip ~ -0'- Then by (5.1) and (5.2) there exists W 
with Wi = (ip, ip') in A and Ww' — in A. Since the functor ip in (2.4) is full we find 
a, a as above with ip(F, a, F') — W and ip(F) = -0, ip(F') = in A. Moreover there 
exists [3' : (/, a, /')c>2 => since Ww' — induces t((f,a,f')d2) = 0. Now pasting 
8^2, (F,a,F') and (3 yields an clement ^ G Hornet A, B'). This clement maps to 
in Hom,A(tA,Cd>) since Ww' = 0. Hence there exists £' G Hom(tA,A') which maps 
to ^, that is, d'£' — Now we alter /3' by ^' and get (3 such that pasting of df 2 , 
(F, a, F') and (3 represents the zero element. This shows F ~ F' in HP. 

□ 
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6 The category of 2-stage spectra 



Let k be a commutative ring with unit and let Mod be the category of fc-modules 
and fc-linear maps. This is a symmetric monoidal category via the tensor product 
A (g) B over k. A pair of modules is a morphism 



in Mod. A morphism f : X 



Y of pairs is a commutative diagram 




Clearly a pair in Mod coincides with a chain complex concentrated in degrees and 
1. For two pairs X and Y the tensor product of the chain complexes corresponding 
to them is concentrated in degrees 0, 1 and 2 and is given by 

X 1 ®Y 1 -^X 1 ®Y ®X ®Y 1 -^X ® Y 
with do = (d ® 1, 1 (g> d) and d\ = (—1 ®d,d®l). Truncating X ® Y we get the pair 

X®Y = {[X®Y) X = cokeridi) ^>X ®Y = (AW) ) 

with d induced by do- 

We define the tensor product A ® B of two graded modules in the usual way, i.e. 

by 

(A <g> B) n = A i (gi B j . 

i+j=n 

A (graded) pair module is a sequence X n = (d : X™ — > Xff) with n £ Z of pairs in 
Mod. We identify such a graded pair module X with the underlying morphism d of 
degree between graded modules 

X=(X 1 -^ X ) ■ 

Now the tensor product X®Y of graded pair modules X, Y is defined by 

(X®Y) n = X l ®Y ] . 

i+j=n 

This defines a monoidal structure on the category of graded pair modules. Morphisms 
in this category are of degree 0. For two morphisms f,g:X — ► Y between graded 
pairs modules, a homotopy H : f g is a morphism H : X — ► Y\ of degree as 
in the diagram 

h 

X 1 ^=[Y 1 



in 




fo 

X ^^Y Q 
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satisfying ft — g = dH and fi — g\ = Hd. A pair algebra B is a monoid in the 
monoidal category of graded pair modules, with multiplication 

H : B®B — > B. 

We assume that B is concentrated in nonnegative degrees, that is B n = for 
n < 0. A left B- Module is a graded pair module M together with a left action 

^ : B®M — > M 

of the monoid B on M. More explicitly pair algebras and modules over them can be 
described as follows. 

Definition 6.1. A pair algebra B is a graded pair 

d : Bi — > B Q 

in Mod with B™ = B^ = for n < such that Bq is a graded algebra in Mod, B\ 
is a graded B --Bo-bimodule, an d d is a bimodule homomorphism. Moreover for x, y 
G B\ the equality 

d(x)y = xd(y) 

holds in B\. 

Definition 6.2. A (left) module over a pair algebra B is a graded pair M = (d : 
Mi — > Mo) in Mod such that All and Mq are left Bo-modules and d is _Bo-linear. 
Moreover a Bo-linear map 

fi : B x ® Ba M 
is given fitting in the commutative diagram 



Mi 



l<g>3 




where fi(b ® m) = d(b)m for e B\ and m G Mi U M . 

For an indeterminate element x of degree n = \x\ let B[a;] denote the B- module 
with B[x]i consisting of expressions bx with b e Bi, i =0,1, with bx having degree 
|6|+n, and structure maps given by d{bx) — d(b)x, n{b' ®bx) = (b'b)x and p,(b' ' ®bx) = 
(b'b)x. A free B- module is direct sum of several copies of modules of the form B[x], 
with x E I for some set / of indeterminates of possibly different degrees. It will be 
denoted 

B[/]=0B[4 

x£l 

Let B-Mod be the category of left modules over the pair algebra B. Morphisms 
/ = (/o,/i) : M — > N are pair morphisms which are _B-equi variant, that is, ft and 
fi are Bo-equivariant and compatible with p, above, i.e. the diagram 



Bi ® So M • 

l®/o 



->Mi 



Bi ® Bo A^o — Ni 
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commutes. 

For two such maps f,g:M — > N a track H : f =>• g is a degree zero map 

H : Mo — > iVi 

satisfying f — go = 9H and /i — g\ = Hd such that H is -B -equi variant. For tracks 
H : f => g, K : g h their composition KDH : f h is K + H. 

The category J3-Mod with these tracks is a well defined additive track category 
with strong direct sums M © N. Let 

(6.3) B-mod C B-Mod 

be the full subcategory consisting of finitely generated free -B-modules. The category 
of homotopy pairs HP(B-mod) is defined dually to (2.3). Morphisms d! — > d are 
diagrams 



(6.4) A^^A' 

d £ d' 

B^B' 



in B-mod. Two such morphisms (/, g, F), (/', g 1 , F) : d' — > d are homotopic if there 
exists (a, a, f3) as in the diagram 



A' 

d' 

B®B i — — B' 




with d\ = (dpi, —pi + P2, dp-i) and 82 = pi + dpi — pz- Here pi, P2, P3 denote the 
projections. This defines a natural equivalence relation ~ on HP(B-mod). 

Theorem 6.5. Let B be the pair algebra of secondary cohomology operations com- 
puted in [Ba3]. Then one has an equivalence of categories 

(HP(B- mod)/ -) op ^ 2- stage. 

Here 2-stage is the category of 2- stage spectra and principal maps in (1.5). 

Proof. It is proved in [Ba3] (5.5.6) that the track category of finite direct sums of 
Eilcnberg-Mac Lane spectra is equivalent to the track category (B-mod)° p . This 
equivalence is compatible with strong coproducts and hence induces the equivalence 
in the theorem by use of theorem (4.4). Since composition in B-mod is bilinear 
T-tracks are trivial in the notion of homotopy in (6.4). □ 
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The homotopy category of pseudofunctors 
and translation cohomology 

H.-J. Baues and F. Muro 

Abstract 

We develop the obstruction theory of the 2-category of abelian track cat- 
egories, pseudofunctors and pseudonatural transformations by using the coho- 
mology of categories. We introduce translation cohomology to classify endomor- 
phisms in this category. 

Introduction 

A homotopy category A is derived from a groupoid enriched category B in which the 
morphism groupoids \X, Y\ are given by maps f,g: X — > Y and tracks a: f =>■ g 
which are homotopy classes of homotopies. The set of connected components 

[X,Y]=nolX,Y] 

is the set of morphisms in A = 7ToB. Now let A be the homotopy category of a 
pointed stable Quillen model category. The suspension functor S is an endofunctor 
of A which on B, however, is only a pseudofunctor X: B ~-> B. If B is enriched in 
abelian groupoids with 7ToB = A and 7TiA = D then the equivalence class of B is 
determined by an element in the cohomology group 

(0.1) <B) eff 3 (A,£), 

as proved in [BD89], [Pir88]. In this paper we consider the equivalence class of the 
pair (B, E). For this we introduce the translation cohomology H*(A 1 X) and we show 
as a main result that the equivalence class of (B, S) is determined by the cohomology 
class 

(0.2) (B,S) Gff 3 (A,£), 

generalizing the result (0.1). 

In order to achieve the result (0.2) we study the homotopy category of pseudofunc- 
tors PseudoSt 6 which is a 2-category via pseudonatural transformations. We achieve 
a useful obstruction theory for this category with obstructions in the cohomology of 

2000 Mathematics Subject Classification: 18D05, 18G60, 55S35 

Key words and phrases: 2-catcgories, groupoid-enriched categories, cohomology of categories, 
obstruction theory 
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categories. As the motivating application we show in [IV] that for a stable homotopy 
category (A, E) the cohomology class (B, E) determines the triangulation of (A, E), 
so that triangulated categories have a cohomological description. On the other hand 
there is an application concerning the category of topological 2-types, which can be 
considered as a full subcategory of Pseudo^. This leads to the translation cohomol- 
ogy of groups which classifies pairs (X, h) where X is a 2-type and h : X — > X is an 
endomorphism in the homotopy category of spaces, see [BM01] and [BM]. 

Some proofs in this paper are somewhat technical, for this reason we present the 
results in the first sections, 2, . . . , 9, and concentrate most of the proofs in the final 
ones, 10, . . . , 13. Section 1 contains some background material about track cate- 
gories which is completed by the Appendix, where we recall the classical concepts of 
pseudofunctor and pseudonatural transformation. In Section 2 we define the homo- 
topy category of pseudofunctors Pseudo~ as a quotient category, which is the main 
object of study in this paper. The full subcategory Pseudo?f given by abelian track 
categories is the localization of the category of pseudofunctors and of track functors 
with respect to weak equivalences, as we prove in Section 3 (Theorem 3.9). In Sec- 
tion 4 we recall the definition of the cohomology of small categories in the sense of 
[BW85] as well as some of its 2-functorial structure developed in [Mur04]. Translation 
cohomology of categories is defined in Section 5, and the classification result (0.2) is 
proved in Section 6 (Theorem 6.3). 

Section 7 is the core of the paper, it is devoted to the obstruction theory in the 
homotopy category of pseudofunctors Pseudo^ fc . In Section 8 we give an interpre- 
tation of this obstruction theory in terms of exact sequences for functors and linear 
extensions of categories in the sense of [Bau89] . As a consequence we show in Section 
9 that the homotopy category of pseudofunctors Pseudo^ 6 is equivalent to a category 
defined only in terms of cocycles in the cohomology of categories. 

1 Categories and track categories 

Categories, functors and natural transformations 

The category Cat of all categories is a well-known 2-category. The objects or 0-cells 
of Cat are the categories which are small with respect to a fixed universe. The 1- 
cells are functors, and the 2-cells are natural transformations. The category Cat has 
products denoted by A x B. A natural transformation can be regarded as a functor 
from the cylinder category A x I — > B. Here I is the interval category, it has two 
objects 0, 1 and a unique non-trivial morphism — » 1. There are two obvious functors 
from the trivial category *, which has only one morphism, io,i\: * — > I, and a functor 
p: I — > *. These functors induce the structural functors of a cylinder 

io 'p 

(1.1) A Uxl — — > A ■ 

h 

The double interval category J has three objects 0, 1, 2 and two essential morphisms 
— > 1 — > 2. It fits into a push-out diagram in Cat 

(1.2) * 

io 

I 



push 
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There is a unique functor j : I — ► J with j(0) = and j(l) = 2. It can be used 
to define vertical composition of natural transformations regarded as functors from 
cylinders since the product functor Ax — preserves colimits in Cat. 

In this paper a single arrow — > will denote a morphism, a functor, or a 1-cell in a 
2-category, while double arrows =>- will be kept for natural transformations and 2-cells 
in 2-categories. The composite of morphisms /, g will be indicated by juxtaposition 
fg, as well as horizontal compositions in 2-categories. The symbol □ will be used for 
vertical composition of 2-cells aO/3, and the inverse of an invertible 2-cell a will be 
denoted by a B . 



Track categories, track functors and track natural transforma- 
tions 

A track category A is a category enriched in groupoids. Hence for objects X, Y in A 
one has the hom-groupoid [A, Y]a in A. The objects / : X — > Y of this groupoid are 
called maps, and the morphisms a: f => g are called tracks. Let [A, F]a(/, g) be the 
set of all tracks / => g. The symbol for the identity track in / is 0^. Equivalently, a 
track category is a 2-category all of whose 2-cells are invertible. Ordinary categories 
can be regarded as track categories with only the identity tracks. 

A track category A will also be depicted as Ai =4 Ao. Here Ao is the underlying 
ordinary category; Ai has the same objects as A, morphisms form X to Y in Ai are 
tracks a: f => g between maps /, g : X — > Y in A, and the composition of a and (3 
as in the following diagram 

/ 9 

(1.3) Z !CZE- y C5^ X 

/' g' 



is horizontal composition 

a/3 = (ag')n(fp) = (f'P)D(ag). 

The arrows =4 from Ai to Ao denote the obvious "source" and "target" functors. 

A track functor is an enriched functor between track categories, that is a 2-functor, 
or equivalently, an assignment of objects, maps and tracks which preserves all compo- 
sition laws and identities. The category Track of track categories and track functors 
also has colimit-preserving products. 

A track natural transformation a: ip ip between track functors <p, tp : A — ► 
B. is a collection of maps ax ■ f{X) — > -0(A) in B indexed by the objects of A 
satisfying certain axioms described in the Appendix. One can alternatively define 
such a track natural transformation a as a track functor a: A x I — > B. Track 
natural transformations endow Track with a 2-category structure. Moreover, (1.2) 
can be used to define vertical composition of track natural transformations. 



Pseudofunctors and pseudonatural transformations 

A pseudofunctor between track categories tp: A B is an assignment of objects, 
maps and tracks which preserves composition and identities only up to certain given 
tracks 

¥>f,g : V{f)^{9) => <p(fg) and tp x ■ <p(lx) \(xy 
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These tracks must satisfy well-known coherence and naturality properties which are 
recalled in the Appendix. Moreover, the category Pseudo of small track categories 
and pseudofunctors is defined. 

Track functors can be regarded as a special case of pseudofunctors. The inclusion 
functor Track — ► Pseudo has a left adjoint 

(1.4) V : Pseudo — > Track. 

This adjoint is defined in [Gra74] 1,4.23 where V(A) = A. A more handy description 
that we now recall can be found in [BJP03] 2.4. The category V(A) is the free 
category on A regarded as a graph, that is objects are the same as in A and a 
morphism (a\, ■ ■ ■ , a n ) : X — > Y in V(A) is a sequence of composable morphisms 
Y • • • ^ I in A, the identity morphism is the empty sequence () : X — > X 
and composition is defined by concatenation. Track sets in P(A) are defined by the 
formula 

l^,Yh(A)((cri, ■ ■ ■ ,<r n ), (n, ■ ■ .,r m )) = lX,Y$ A (<7i ■■■<7n,n- ■■T m ), 

and their composition laws are induced by the laws in A. The adjointness yields 
natural bijections 



Here Track is a 2-category so that the right hand side of (1.5) is a category consisting 
of track functors as objects and track natural transformations as morphisms. If we 
endow Pseudo with the 2-category structure given by pseudonatural transformations 
then (1.5) is an isomorphism of categories. 

Here a pseudonatural transformation a: ip ip between two pseudofunctors 
tp,tp: A B is a collection of maps ax ■ <p(X) ip(X) in B indexed by the objects 
of A such that the usual squares only commute up to given tracks ctf. ay </?(/) => 
ip{f)ax indexed by the maps /: X — > Y in A. These tracks must satisfy certain 
axioms described in the Appendix. By using the isomorphisms of categories (1.5) 
one can also regard the pseudonatural transformation a: ip => ip as a track functor 
a: V{A) x I — > B. 

There is a 2-functor 

(1.6) 7r : Pseudo — ► Cat 

defined on objects by sending a track category A to its homotopy category ttqA = A~ 
obtained from A by identifying those maps which are connected by tracks. The 
equivalence class in tt A of a map / in A is denoted by {/}. The quotient category 
tt A of A is a coequalizer in Cat of the form 



2 The homotopy category of pseudofunctors 

A homotopy £ : tp => ip between two pseudofunctors ip, ip : A B in Pseudo is a 
pseudonatural transformation £ such that the maps £x '■ — > ip(X) are identities, 
that is <p(X) = ip(X) and £x = = ^-tp(x): m particular homotopic pseudofunc- 

tors induce the same functor on ttq. 



(1.5) 



ad: Pseudo(A,B) = Track(-p(A), B). 



Ai =t A -» tt A. 
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The homotopy relation ~ is a natural equivalence relation since homotopies are in- 
vertible 2-cells in this 2-category. Therefore the homotopy category of pseudofunctors 
is well defined 

Pseudo~. 

This category, which is of main interest in this paper, can be endowed with a 
2-category structure in the following way: let us write [tp] for the homotopy class of 
a pseudofunctor p, a 2-cell [a] : [ip] [ip] is represented by a pseudonatural trans- 
formation a: p =>■ ip between two pseudofunctors ip, tp: A ~> B, which is equivalent 
to a': tp' ip', [a] — [a'], if tp ~ tp', ip — ip', and there exist tracks ax => ct' x 
for all objects X in A. The horizontal composition of 2-cells is the composition of 
representatives 



C = A 



For the vertical composition of 2-cells represented by pseudonatural transformations 
a : tp =>• tp and 0: ip' => <p we have to choose a homotopy £ : ip ip' 







The 2-functor 7r in (1.6) clearly factors through the homotopy 2-category of 
pseudo functors 

(2.1) tt : Pseudo- — > Cat. 

Moreover, the following result is an immediate consequence of the equivalence relation 
defining 2-cells in Pseudo^. 

Proposition 2.2. The 2-functor n in (2.1) is faithful on 2-cells. 



3 Abelian track categories 

In this paper we will concentrate on abelian track categories, which are the track 
categories A for which the automorphism group Aut \x,y\ a (/) of any map / : X — > Y 
in the groupoid \X, F]a is an abelian group. Equivalently an abelian track category 
is a category enriched in abelian groupoids. We write Pseudo ab for the 2-category 
of small abelian track categories, pseudofunctors and pseudonatural transformations, 
and Track ab for the 2-category of small abelian track categories, track functors and 
track natural transformations. 

The 7r of a track category was defined in Section 1. In order to define the wi of 
an abelian track category we need to recall some concepts from [BW85] . 

For any category C the factorization category TC is given as follows. Objects are 
the morphisms in C, and a morphism (h, k) : f — > g is a pair of morphisms in C with 
kfh = g. This gives rise to a functor 

(3.1) T: Cat — ► Cat. 
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A natural system D (of abelian groups) on C is just a functor D : TC — > Ab from 
the factorization category to the category of abelian groups. We usually denote Df = 
D(f), h* = D(h, 1) and fc* = D{1, k). 

For any abelian track category A there is a well-defined natural system niA on 
7r A, see [BJ02] 2.4. This natural system is up to isomorphism determined by the 
existence of isomorphisms in Ab 

(3-2) a f : (7riA) {/} SAut[ X) y] A (/) 

such that given a track a: f =$> g in A, 

(3.3) aUaj{x) = a g {x)Ua\ 

and given composable maps •i«-^»->«inA 

(3.4) fa g (x) = cr/ fl ({/}<, x) and a g {x)h = a gh {{h}* x). 

This means that any abelian track category A is endowed with the structure of a 
linear track extension denoted by 

7TlA — > Ai =4 A -> 7T A, 

compare [BD89]. 

The functorial properties of 7Ti are described in terms of the following 2-category 
nat. The 0-cells of nat are pairs (C,D) where D is a natural system on a small 
category C, 1-cells (ip, A) : (C, D) — > (D, _E) are given by a functor ^ : C — > D together 
with a natural transformation X: D ^> ETiip), and 2-cells a: (</?, A) ^> (ip,C) are 
natural transformations a : ip => tp such that for any morphism / : X — > y in the 
source of y and ^ the following diagram of abelian groups commutes 

(3.5) 




E W) ; > E » Y f(f) - E ^(f)ax 



Composition of 1-cells is defined as 

(^A)(V,C) = M,(A^(V)PC), 

and the composition laws involving 2-cells in nat are induced by those in Cat. 
There is a 2-functor 

(3.6) tt: Pseudo ab — > nat 

defined on cells of dimensions 0, 1 and 2 as 

7rA = (7roA, 7Ti A), mp = {iTof, TTiip), and ttt — ttqt, 

respectively. Here given a pseudofunctor ip : A -w B between abelian track categories 
the natural transformation 

TTlip: 7TlA =^> (^16)^(770^) 
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is determined by the formula 

(3-7) {■K-np) {}} aJ 1 {a) = a~l f) {v{a)), 

where a: f => f is any self-track in A. In fact this 2-functor factors through the 
homotopy 2-category of small abelian track categories 

(3.8) tt : Pseudo^ — > nat. 

A pseudofunctor ip : A -w B between abelian track categories is said to be a homo- 
topy equivalence if [ip] is an isomorphism in the homotopy category of pseudofunctors, 
and it is a weak equivalence if irip is an isomorphism in nat. Obviously homotopy 
equivalences are weak equivalences. We write Ho(Pseudo ah ) and Ho(Track ab ) for 
the corresponding localized categories with respect to weak equivalences. 

Theorem 3.9. Weak equivalences are homotopy equivalences. Moreover, the quotient 
functor induces a functor 

Ho(Pseudo ab ) ^ Pseudo^f 

which is an isomorphism of categories. Furthermore, the inclusion functor induces 
an isomorphism of categories 

Ho(Track ab ) = Ho(Pseudo ab ). 

This result underlines the natural significance of he homotopy category Pseudo^ 6 
as the localization of Track ab . 

Proof of Theorem 3. 9. Weak equivalences in Pseudo ab arc homotopy equivalences 
because tt in (3.8) fits into an exact sequence for functors, as we show in (8.1) below, 
see [Bau89] IV.4.11 and IV.1.3 (a). 

Let us check that the quotient functor g: Pseudo afc — » Pseudo^ 6 satisfies the 
universal property of the localization Ho(Pseudo ab ). We just have to show that 
a functor <r: Pseudo ab — > C carrying weak equivalences to isomorphisms does not 
distinguish between homotopic pseudofunctors. 

In the Appendix we consider the reduced cylinder track category D. This is an 
abelian track category together with a diagram of weak equivalences 



where * is the final track category. We can multiply this diagram by any other abelian 
track category A to obtain a new diagram of weak equivalences 

f , , 
A— =4 A x D— — > A ■ 

3 

Suppose that we have a homotopy £ : ip ^> ip between pseudofunctors ip, ip : A ~^ B 
in Pseudo afc . By Proposition A. 10 there is a pseudofunctor A x D ^ B with 
ip = £j° and ip — ^j 1 . The equalities qj a = 1 = qj 1 hold in Pseudo ah , therefore 

Let us now check that the functor g: Track afc — > Ho(Pseudo ah ) given by the 
inclusion Track ah C Pseudo ah and the quotient functor g above satisfies the universal 
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property of the localization Ho(Track a ). Obviously g sends weak equivalences to 
isomorphisms. 

Recall from (1.4) and (1.5) that there is a natural track functor ad(lA) : ^(A) — ► 
A, namely the adjoint of the identity. The track category V(A) is abelian provided A 
is, and in this case cic£(1a) is a week equivalence, see [BJP03] 2.4. The track functor 
ad(lA) is a retraction in Pseudo afc with splitting section e: A V{A.). Here e is the 
unit of the adjunction between the inclusion Track C Pseudo and V. In particular 
the section e is necessarily a weak equivalence. Actually any pseudofunctor ip in 
Pseudo ab factors as ip — ad{<p)e 

Suppose now that we have a functor <r : Track ah — > C sending weak equivalences to 
isomorphisms, then we define a factorization c : Pseudo ab — > C through the inclusion 
as follows, given a pseudofunctor ip: A ~> B in Pseudo ab , 

qg(p>) = ^(arf(^))^(arf(l A )) _1 . 

This actually defines an factorization because we know that g is full, since we have 
already established the first isomorphism of the statement. This factorization is the 
unique possible one because of the equalities ad(l A )e — 1a and ip — ad(p)e, therefore 
we will be done if we manage to prove that c also sends weak equivalences to isomor- 
phisms. But if p is a weak equivalence then ad(tp) is also a weak equivalence because 
the equality ip = ad(<p)e holds and in this case sg(<p) is an isomorphism. The proof is 
now finished. □ 



4 Cohomology of categories 

The cohomology H*(C,D) of a small category C with coefficients in a natural sys- 
tem D is the cohomology of the Baues- Wirsching complex defined in [BW85]. This 
complex F*(C, D) is a cochain complex of abelian groups concentrated in dimensions 
> 0. Its group in dimension n is the following product indexed by all sequences of 
morphisms of length n in C 

F n (C,D)= H D ai ... an . 

CT 1 CT T1 
• < < • 

Here we assume that a sequence of length is an object X in C which we also identify 
with the identity morphism lx- The coordinate of c € F"(C, D) in • ■ ■ ■ • will 
be denoted by c(ai, . . . ,a n ) e D ai ... l7n . The differential S is defined as 

5(c) (cti, . . . , (J n+ i) = <Ti*c(a 2 , ... ,CT„ + i) 

n 

+ ^(-l) i c((Ti, . . . ,<7,CT i+ i, . . . ,cr„+i) 

over an n-cochain c for n > 1, and 5(c)(a) — <r*c(X) — a*c(Y) for n = and 
a: X Y. 

A functor p : D — > C and a natural transformation A : D => E induce cochain 
homomorphisms 

ip* : F*(C, D) — > F*(D, DFfa)), <p*(c)(a u . . . , a n ) = c(^(<7i), . . . , p(a n )); 
A,: F*(C,D)—>F*(C,E), A*(c)(<7i, . . . , a n ) = A CTl ... CT „(c(a 1 , . . . , a n )); 
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and the corresponding homomorphisms in cohomology 

p*: H*(C,D) — *r*(D,£tfty>)), 

A* : H*(C, D) — > H*(C, E). 

Sec [BW85] for further details on the functoriality of cohomology of categories. 

A cochain c <E F™(C, D) is said to be normalized (at identities) if c(cti, . . . , cr„) = 
provided <7j is an identity morphism for some 1 < i < n. The inclusion of the 
subcomplex F*(C,D) c F*(C,D) of normalized cochains induces an isomorphism 
in cohomology, see [BD89]. Moreover, the induced cochain homomorphisms above 
restrict to normalized cochains. 

The factorization functor T in (3.1) can be extended to a 2-functor if we consider 
the 2-category Cat^-, see [Mur04] 3.2. This 2-category is obtained by applying the 
product-preserving functor T to morphism categories in the 2-category Cat. This 
2-functor will be used in the next section to describe the functorial properties of 
translation cohomology as well as from Section 7 on in the context of the obstruction 
theory for pseudonatural transformations. More precisely, 0-cells in Catjr are small 
categories, a 1-cell a: C — > D is a natural transformation a: <p ^ ip between functors 
ip, ip: C —> D, composition is horizontal composition, so that composition is defined 
in the same way as in (1.3). A 2-cell (s, 7) : a between morphisms a,0: C — > D 
is a pair of natural transformations such that jDaOs = 0. We can place Cat as an 
ordinary category inside Catjr by using the ordinary functor Cat — > Catjr which 
is the identity on objects and sends a functor ip: C — > D to the identity natural 
transformation 0° : <p => tp regarded as a morphism 0° : C — > D in Cat^-. 

The 2-functor 

(4.1) T: CaV — > Cat 

extending (3.1) is defined in the same way on 0-cells, on a 1-cell as above J 7 (a) : C — > 
D is the functor with T(a){f) — ay^if) — ip{f)ctx for any morphism / : X — > Y in C 
regarded as an object in .F(C) and J-(a)(h, k) = (<p(h), ip(k)) for any morphism (h, k) 
in J-'(C), and on a 2-cell as above T(e, 7) : ^"(a) => F{0) is the natural transformation 
given by T{e,^) f = (s x ,Jy)- 

This formalism can be used to restate the condition defining 2-cells in nat, more 
precisely, (3.5) commutes for all / if and only if the following equality holds 

(4.2) (^(0>))DA = (ET(a, 0°)pC 

A natural transformation a ip between functors ip, ip : D — > C induces a 

cochain homomorphism 

a* : F*(C, D) — ► F*(D, DF(a)) 

defined as 

a*{c){o- ll ■ ■ ■ ,ct„) = (DJ r (0°,a)) (Tl ... an (c(<p(a 1 ), . . . ,<p(a n ))). 

This cochain homomorphism is called F*(a,0^- F ^) in [Mur04] 4.1. The induced 
homomorphism in cohomology is denoted in the same way 

a* : H*(C, D) — > H*(D, DT{a)). 
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Notice that the cochain homomorphism defined by an identity natural transformation 
coincides with the cochain homomorphism defined by the corresponding functor 

(o°r = v*. 

The natural transformation a: ip ip also induces cochain homotopies given by 
degree —1 homomorphisms 

a #) a* : F*(C, D) — > F*(D, DF(a)), 

with 

(4.3) 5a # + a#6=-(Dr(0°,a)) t tp*+cf, 

(4.4) 5a* +a#5=-{DF(a,0$))*i>* + a* . 

The cochain homotopies a# and a* are h n and h a n in [Mur04] 4.1, respectively. 
They are defined by the following formulas 

a#(c)(cri, ...,a n ) = 

n 

^2 (-1^(0^(0°, a)) ai ... an {c(ip(ai), <p{<Ti), l ip{Xi) ,<p(a i+1 ), . . . , <p(a n ))), 

i=0 



(4.5) a*(c)(a 1 ,. ..,a n ) = ^(-l)V(V>(<7i), . . . , ^(ct;), a Xi , <fi(^i+i), ■ ■ ■ ,P(°V»))- 

i=0 

Here Xi is the source of ai and/or the target of Oi+i. These homotopies are part of the 
2-functorial properties of the Baues- Wirsching complex studied in [Mur04]. Notice 
that these induced cochain homomorphisms and homotopies restrict to the subcom- 
plex of normalized cochains. Moreover, as one can readily notice on the normalized 
cochain complex the following formulas hold 

(4.6) a # = 0, 

(4.7) (0°)# = 0, 

(4.8) a* = (DF(0°, a)),,?*, 
in particular by (4.3) and (4.4) 

(4.9) 5a* + a*5 = -{DT(a, 0^))*V* + (^(Oj.a))./. 

Observe that for any natural transformation A : D — > E the following equality holds, 

(4.10) a*K = {\F{a))*a*. 

We finally recall the behaviour of these cochain homotopies with respect to hor- 
izontal and vertical composition, sec [Mur04] 5.1. Given natural transformations 

<p =>■ (p =>■ ip there is a degree —2 homomorphism 

(a,(3) % : F*(C,D) ^ F*(T>,DF(anp)) 
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such that 

(4.11) 6(a,f3) % -(a,f3) % 6 = -(D^((3,0^a* 

-(Df(0°a)) t /3 # + (aW3)*. 

This order 2 cochain homotopy coincides with r^ D).( Q o d ) m [Mur04] 4.1. If we 

have functors 93, </?' : D — > C, V, i>' : E — > D and natural transformations a: ip => ip' , 
(3: ip => ip' , there is a degree —2 homomorphism 

(a, : F*(C, D) — F*(E, D.F(a/?)), 

such that 

(4.12) <5(«,/3) $ - (a,l3) $ S = -f3*a* - (3*a* + (ap)*. 

The order 2 cochain homotopy (a,/3) $ is r' D , . D . in [Mur04] 4.1. We shall not 

give here the explicit formulas of (a,/3) % and since they are not needed in 

this paper, however we point out that they restrict to the subcomplex of normalized 
cochains. Moreover, on normalized cochains the following equalities holds 



(4.13) (a,0°) $ = 0, 

(4.14) (0°/3) $ =0, 
and therefore by (4.12) the equalities 

(4.15) ip*a* = {onp)*, 

(4.16) /?V = {tpPf, 
are also satisfied on the normalized cochain complex. 



5 Translation cohomology 

Let A be a category, D a natural system on A, and (t, t) an endomorphism of (A, D) 
in nat. Such an endomorphism is termed a translation of (A, D). The translation 
cohomology 

H*(t,t) 

is the cohomology of the homotopy fiber of the cochain homomorphism 

U ~ t* : F*(A, D) — » F*(A, DF{t)), 
which will be denoted by F*(t, t). In dimension n this cochain complex is 

F n (t,t) = F n (A, D) (B F n ~ 1 (A, DT{t)) 
and the differential is the matrix 

(5 \ 
\U-t* -8 )' 

In particular there is a long exact sequence (n G Z) 

(5.1) ► H n (t, t) -i H n {A, D) f -^X H n (A, DF{t)) H n+1 (t, *)-»■■■. 
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Remark 5.2. This is a general concept of cohomology of diagrams as for example 
described in [MS95] or [Bau99] A. 2. Then translation cohomology corresponds to the 
cohomology of the diagram 

c- 

with one vertex and one arrow. 

Given functors s : B — ► B and p : B — > A such that the square 




commutes up to a given natural isomorphism a: tp => ips there is an induced trans- 
lation 

(s, (DJ r (a B , a))n(iF(ip))) : (B,AF(^)) — > (B,DF(<p)) 
and an induced cochain homomorphism 

(<p,a)*: F*(t,i) -^F*(s,(DF(a B ,a))n(tf(<p))) 

given by the matrix 





(£>^(a H ,0°)).a# (I>^(a H ,a))^* 



Here we use (4.9). The induced homomorphisms in translation cohomology will be 
denoted in the same way 

(p.a)*: H*(t,t) ^H*(s,(DF(a B , a ))n(if(<p))). 

Similarly two natural transformations A : D =$> E and s: E ET(t) between natural 
systems on A such that (AJ r (i))Df = sDX give rise to a translation 

(t,f): (A, E) — > (A, E 1 ) 

and a cochain homomorphism 

A* : F*(i,t) — 

given by the matrix 



A* — 



A* 


The corresponding homomorphism in translation cohomology will also be denoted by 



A* : H*(t, t) — ► s). 

These homomorphisms in translation cohomology can be used to describe the 
functorial properties of this cohomology. More precisely, let Natt be the category 
whose objects are all translations. A morphism (<p,a,\): (t,t) — ► (s, s) between 
two translations (t, t) : (A, D) — > (A, D) and (s, s) : (B, E) — > (B, £7) is given by a 
functor B — > A, a natural isomorphism a: tip => ips, and a natural transformation 
A : DT(ip) => E such that 

(\T(s))U(DF(a B ,a))D(tT(pj) = sDX. 
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Composition of morphisms 

(t,t) ( ^ x) (M) (r,f) 
in Natt is denned by the formula 

ty,/?,C)(¥>,a,A) - M,(^/3)n(aV'),Cn(A^(V)))- 

Proposition 5.3. Translation cohomology groups are functors 

H* : Natt — > Ab 

given OTi morphisms by H*((p,a,\) — A*(<£, a)*. 

This is just a simplified version of a more extended functoriality of translation 
cohomology that we now describe. Suppose that we have a translation (t, t) : (A, D) — ► 
(A,D), a functor s: B — > B, a natural transformation 7: =>- -0 between functors 
^: B — > A, and two natural isomorphisms a: tip => ips and j3: tip => V s sucn that 

(5.4) /30(*7) = (7s)Da. 

In this situation there is an induced translation 

( S ,(Djr(a H ,/3))n(tf( 7 ))): (B,£>JT( 7 )) _^ (B,£>^( 7 )) 

and an induced cochain homomorphism 

(7, a, (3)*: F*(t,t) (^(a H , /3))D(^( 7 ))) 

given by the matrix 

7* 
(Df(« a ,7s)) t a# (£>J-(a H ,/3))*7* 



( 7 ,a,/3)*= ( m ^ H '„„ , .,, , nr, " 



The reader can check that this is indeed a cochain homomorphism by using (4.8), 
(4.9) and (5.4). 

Let Natti be the category whose objects are all translations. A morphism (7, a, /3, A) : (t, t) 
(s,s) between two translations (t, t): (A,Z?) — > (A, D) and (s,s): (B,E) — » (B,_E) 
is given by a natural transformation 7: ip => ip between functors y>, r/> : B — ► A, two 
natural isomorphisms a: ttp => ips and f3: tip ^> ips satisfying (5.4), and a natural 
transformation A : DT{^) => E such that 

(AJ-(s))D(L>J c "(a H ,/3))n(^(7)) = sDA. 

Composition of morphisms 

(t>i) (7,a^,A) (S) _ } (e.^-C) (rjf) 

in Natti with ip ^> ip and e: ^ => ^ is defined by the formula 

(s, n, is, C)(7, a, /?, A) = ( 7 e, (^p(c^), (^)D W), Cn(XF(e))). 
Compare with the definition of Cat^r in Section 4. 
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Proposition 5.5. Translation cohomology groups are functors 

H*: Natti — ► Ab 

given on morphisms by H*(j, a, [3, A) = A* (7, a, (3)*. 

Proof. All we have to check is that composition is preserved. For this we are going 
to prove that the cochain homomorphisms 

C»(e,M, ^)*A»(7,a,/3)%(Cn(A^( e ))) t ( 7e ,( W )n(M,(^)n(W)^^(*,Q^-F*(s^) 
are homotopic. The first of these cochain homomorphisms is given by the matrix 

an ai2 

«21 C122 



with entries 



an = C*^*^*7*7 
a\2 = 0, 

021 = (C^W)*(^(^ H ,^))*M # A*7* 

H(Hr))*(EF(fi B ,isyUe*(\T(s))*(DF(a B ^s))*a#, 
0,22 = ((T(r)UET(ti B ,v)U*(\T(s))*(DT(a B ,P))^* 7 



and the second one by the matrix 



with 



hi 

021 022 



b u = (Cn(XF( e )))„( 7 er, 

012 = 0, 

621 = ((Cn(A^( £ )))^(r)),(^(( W H )n( a H ^),0° r )),(( W i)D(a^))#, 

022 = ((CD(Af( £ )))fW),(i}f(^ B )D( a ^),(^)D(^))),( 7 £)«. 

One can easily check that the equalities = 6jj hold for (i,j) ^ (2, 1). Moreover, 
by using (4.8), (4.10) and (5.4) the reader can check that 

021 = ((Cn(A^(£)))^(r))»( J D^( W B , 7£ r)) M #^ 

+ ((Cn(A^( e )))^(r)),p(( a H ^)D( W H ),(7 £ r)n( W ))^*a# 

Furthermore, by using (4.15), (4.16), and (4.9) one can now check that the matrix 



(<p/i, a(p) % 

yields the desired cochain homotopy. □ 

Now Proposition 5.3 follows from Proposition 5.5 since there is a commutative 
diagram of functors 

Natt 

Ab 

TT* 

Natti 
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where the vertical arrow is the identity on objects and sends a morphism (ip, a) to 
(O^ 1 , a, a). Compare with the definition of the functor Cat — > Cat^r in Section 4. 

The following identities between induced homomorphisms in translation cohomol- 
ogy will be useful for future applications. 

Proposition 5.6. Let be a morphism (7, a, (3, A): (t, t) — ► (s,s) between two transla- 
tions (t,t): (A, D) -> (A, D) and (s,s): (B, E) -> (B,£) in Natti. T/ie following 
homomorphisms H*(t,t) — ► H*(s,s) coincide 

X^,a,(3)* = (ADD(0° 7 )).(v,a)* - (AOD( 7 , o£)),ty, /?)* 

Proof. The first equality can be easily checked at the level of cochains by using (4.8) 
and (5.4). For the second one we only need to use the cochain homotopy in the 
translation cochain complex given by the matrix 

( Ki* \ 

^ {{\T{s))UDT{a-\P))^# 

see (4.9). □ 

Remark 5.7. As the reader may suspect Proposition 5.6 is a consequence of a higher 
functoriality of the translation cochain complex. More precisely, the category Natti 
can be endowed with a 2-category structure by using factorizations, compare with 
the definition of the 2-category Catjr in Section 4. The translation cochain complex 
turns out to be a pseudofunctor on the 2-category Natti. This pseudofunctor can be 
described by using the 2-functorial properties of the Baues-Wirsching cochain complex 
described in [Mur04]. 

If A is additive and t : A — > A is an additive endofunctor we can consider the 
natural system D given by the A-bimodulc HoniA(i, — ) and the natural transforma- 
tion t: D — Hom A (i, -) Hom A (t 2 ,t) = DF{t) which is given by (— l)t. In this 
particular case we denote the translation cohomology as follows 

(5.8) H*(A,t) = H*(t,t). 

This cohomology is of particular interest in case A is a triangulated category and 
t its translation functor. This example, in fact, is the motivation of the theory in 
this paper. We shall use translation cohomology in order to study the "characteristic 
cohomology class" in H 3 (A,t) of a triangulated category (A, t), see [IV] and [V]. 



6 Classification of abelian track categories and trans- 
lation track categories 

Let D be a natural system over C. We introduce the categories Track(C, D) and 
Pseudo~(C, D). Both categories have the same objects (A, x) which are given by an 
abelian track category A together with an isomorphism \ = (xo ; Xi) : — (C, -D ) 
in nat. We often use % as an identification and drop it from notation. Morphisms 
ip: (A, x) (B, «) in Track(C,£)) are track functors ip: A — > B such that \ = 
K,(ir(p), and morphisms [tp] : (A, x) —> (B, k) in Pseudo~(C, D) are homotopy classes 
of pseudofunctors : A ~» B such that \ = K ( 7r [V'])- 

Given an ordinary category G we write 7ToG for the set of connected components 
in G. Two objects X, Y belong to the same connected component iff there is a chain 
of morphisms in G as follows 

X ^ <^ • ^Y. 
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This equivalence relation simplifies when G is a groupoid, in this case two objects 
belong to the same connected component if and only if they are isomorphic. 

The next result classifies connected components in Track(C, D) by the cohomol- 
ogy in Section 4. 

Proposition 6.1 ([BD89] 4.6, [Pir88]). There is a bisection 

7r Track(C,D) = H 3 (C,D) 

which carries (A,x) to the characteristic class (A) e H 3 (C,D) given by the universal 
Toda bracket of the linear track extension (A,x). 

A 3-cocycle ca representative of the cohomology class (A) is defined in Section 

13. 

The category Track(C, D) is far from being a groupoid, however Pseudo^ b (C, D) 
is indeed a groupoid as a consequence of Theorem 3.9, therefore its set of connected 
components can be described in a much easier way. Moreover, we have the following 
result. 

Proposition 6.2. There is a bisection 

7r Pseudo^(C, D) = H 3 (C, D) 
which carries (A,x) to (A). 

Proof. This follows from the existence of the exact sequence for functors (8.1), the 
definition of its obstruction operator 6 in (7.1), and [Bau89] IV. 4. 12. □ 

A translation track category (A, [tp]) is an abelian track category equipped with a 
homotopy class of pseudofunctors [tp] : A ^ A. Notice that n[tp] is a translation in 
the sense of Section 5. 

Let (t,t): (C,D) —> (C,D) be a translation. We now introduce the category 
Trans(i, t) whose objects are triples (A, [tp], x) where (A, [<p]) is a translation track 
category and \ : ""A = (C,Z?) is an isomorphism with (t,t) = xC^tvDx • A mor- 
phism [4>] : (A, [tp], x) — ► (B, [ip], k) is a homotopy class of pseudofunctors [<j>\ : A B 
such that [4>][<p] = [ip][4>] and \ = K(ir[(f>]). Again by Theorem 3.9 we see that 
Transit) is in fact a groupoid. The abelian group H 2 (C, DT(t)) acts on this 
groupoid by using the action defined in Theorem 7.12. More precisely, this action is 
given by (A, [<p],£) + w = (A, [tp] + u>,£) on objects and the identity on morphisms. 
Moreover, there is a functor 

y. Trans(t, t) — » Pseudo^(C, D), j(A, [tp], X ) = (A, X )- 

Theorem 6.3. There is a bijection 

7r Trans(t, t) ^ H 3 (t,t) 

where we use the translation cohomology in Section 5. This bijection is equivariant 
with respect to the action of H 2 (C, DT(t)) on H 3 (t,t) given by d in (5.1). Moreover, 
if we use this bijection and the bijection in Proposition 6.2 as identifications then the 
following diagram commutes 

7r Trans(t, t) 7r Pseudo^(C, D) 



H 3 {t, t) > H 3 (C, D) 

Here j is the homomorphism in the exact sequence (5.1). 
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Proof. The characteristic class of a translation track category (A, [ip\) is the transla- 
tion cohomology class 

(A, [<p]) e H 3 (7np) 

represented by the cocycle 

(c A ,M- 

Here we use the cochains defined in Section 13 obtained from a fixed global section. 
This is indeed a cocycle by Proposition 13.7 (1). Moreover, its cohomology class does 
not depend on the choice of the global section by Proposition 13.9. Notice also that the 
equality j(A, [ip]) — (A) holds from the very definition of j and these characteristic 
classes. 

Let us check that the map 

Trans (t,t) — » H 3 (t,t), (A, [<p], x ) (A, [<p]) 

induces the desired bijection. This map is cquivariant with respect to the action of 
H 2 (C, DT(t)), see Proposition 12.1 and the proof of Theorem 7.12 in Section 12. 
Let us check that it factors through the set of connected components ttq Trans (t, t). 
Let [(/>]: (A, [<£>], x) — > (B, [V'Jjk) be an isomorphism in Trans(i, t) and £: <fnp => ifxf> 
a homotopy. By Proposition 13.7 the coboundary of (6^,o^ )¥ , — o^,.0 + e^) in the 
translation cochain complex is (ca — cb, b v — b^), therefore (A, [ip]) = (B, [if>]). 

We claim that the isotropy groups of the action of H 2 (C, DJ-(i)) on 7ToTrans(t, t) 
are the image of F* — t* : H 2 (C,D) — > H 2 (C, DJ-(t)) in the exact sequence (5.1). 
By Theorem 7.12 two translation track categories (A, [</?], \) and (A, [<p] + u,x) are 
isomorphic in Trans(t, t) if and only if there exists w G H 2 (C,D) such that 

(l(A-x) + n7 )M = (M + CJ )( 1 (A,x) + m )- 

Now by the effectivity of the action in Theorem 7.12 and the linear distributivity law 
in Proposition 7.13 we obtain that 

w = (F* — t*)(—w). 

In order to complete the proof it is enough to check that the image of the map 
ttqJ coincides with the image of j under the identification in Proposition 6.2. By 
Proposition 6.2 any cohomology class j(c) € H 3 (C,D) is the characteristic class 
of some (A,x) in Pseudo^, (C, D). We claim that there exists a homotopy class 
[ip] : A A such that (A, [y],x) is a translation. By Theorem 7.2 the existence of 
such a [ip] is equivalent to the vanishing of #a,a and by applying (7.1) and the 
exactness of (5.1) we obtain 

0A,A(t,*) = W(c)-t*j(c) = O. 

□ 

7 Obstruction theory for the 2-functor rr 

This section is devoted to the realizability of 0-, 1- and 2-cells through the 2-functor 

7r: Pseudo^ h — ► nat 

in (3.8). All 0-cclls are known to be realizable since there is always the trivial linear 
track extension for (C,D), see [BD89]. We here define classes in cohomology of 
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categories which represent obstructions to the realizability of 1- and 2-cclls. We also 
consider their behaviour with respect to the various composition laws. 

Given two abclian track categories A, B and a morphism (tp, A) : irA — ► 7rB in 
nat we define the cohomology class 

(7.1) 6 a ,b(<P, A) = A* (A) - tp*(B) £ H 3 (A, (ttiB)^)). 

Theorem 7.2. The element ^a,b(v, A) vanishes if and only if there exists a pseud- 
ofunctor tp : A ~-+ B such that Trip — (tp, A) . 

The proof of this result will be given in Section 10. 

Proposition 7.3. Given abelian track categories A, B, C and morphisms irA < ' ¥ -^' 
7rB —> 7rC in nat the following formula holds 

flA.cW, 0(<P, A)) = ((Hv))*0a,b(^ A) + v*fe, c (V, 0- 

This proposition follows from (7.1) and the composition law for 1-cells in nat. 

Proposition 7.4. Given abelian track categories A, B and a 2 -cell a : (tp, A) =^> (ip, () 
in nat between 1-cells (<p, A), (ip, () : nA — > 7rB the following equality holds 

((7riB)^(0° v) a)).fl A ,B(v,A) - ((7nB)^(a,0^)).(9A,B(V,O- 

This proposition is a consequence of (7.1), (4.2) and (4.9). 

Proposition 7.5. Given an abelian track category A and uj G H 3 (ttoA,ttiA) there 
exists another abelian track category B with it A — 7rB such that #a,b(1tta) = w. 
TTiis abelian track category is unique up to isomorphism in Pseudo!t and we write 
A = B + lu. 

This result is a consequence of the definition of 9 and [BJ02] 3.3. 
Let tp, ip : A ~* B be pseudofunctors between small abelian track categories and 
a: wtp => 7r^ a 2-cell in nat. We define the element 

$ v A a ) e H 2 (-k q A, (TriB)^(a)) 
as the cohomology class represented by 

(7.6) -((7riB)^(0° oV ,, a))*& v - « # cb + ((TriB)^(a, 0° ^)), V 

Here we use the cochains defined in Section 13 for a fixed global section. This is indeed 
a cocycle by Proposition 13.8. Moreover, by using Proposition 13.10 we see that its 
cohomology class does not depend on the global section chosen for its definition. 

Theorem 7.7. The element l & lPt ^(a) vanishes if and only if there exists a pseudonat- 
ural transformation t: tp =>■ ip such that tcqt = a. 

This proposition will be proved in Section 11. 

Proposition 7.8. Two pseudofunctors between abelian track categories p,ip: A ~» B 
are homotopic if and only if nip = Trip and ^^(O^ow) = 0- 

Proof. Obviously if £ : tp =>■ ip is a homotopy then 7r</? = 7r^ and 7To£ = 0^ 0(p , hence 
by Theorem 7.7 ^.^(O^^,) = 0. On the other hand if we suppose that Trip — mp 
and r d tp ^(Q^ oV ) = the pseudonatural transformation t: tp => ip with ttqt = 0^ oV 
constructed in the proof of Theorem 7.7, given in Section 11, satisfies tx = t(0^ oip )x = 
t |l v (x)} = ^-ip{x)i here we use (13-1), therefore r is a homotopy. □ 
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This result proves that, if we restrict to the category of abelian track categories, we 
could have defined homotopies as pscudonatural transformations £ : tp => tp such that 
7To£ is and identity natural transformation, obtaining in this way the same homotopy 
category Pseudo^ fc . Therefore homotopies in the sense of Section 2 would be a 
reduced version of these more general ones, however the existence of Pseudo?f is not 
so easy to establish if we try to use non-reduced homotopies from the beginning. 



Proposition 7.9. Given pseudofunctors (p,tp,tp: A B and 2-cells n<p => ntp => ntp 
in nat the following equality holds 

# M {cnp) = ((7riB)^(O° ,a)).^, v ()8) + ((ttiB)^, O°^)),0^(a). 



Proof. The result follows from the equations: 



(( 7 r 1 B)^(0°^ a )),(-((7r 1 B)^(0°^/J)),^ 

-(3*c^ + {{^)H^ 0V ))*K) 
+((7riB)^( / 9, 0°^)),(-((7riB)^(0° v , a%b v 

-a*c^ + {{n{B)T{a,^))^) = -((7riB)^(O° , <*□/?)),&* 

-((7riB)^(O° ,a)),/9#CB 
+((7riB)JT(/J,a)),6 v 
-((TriB^.a))^,, 
-((7r 1 B)jr( / 3,0° v ,)) <t a#c B 
+((7riB)^(aD)9 ) 0°^))^ 
= -((7riB)^(O° o0) an/J)),&* 
-(aD/3) # c B 

+((7riB)^(aD)9,0°^)).^ 
+<5(a,/?) % c B . 



Here we use (4.11) and the fact that cb is a cocycle. □ 



Proposition 7.10. Given pseudofunctors tp, tp' : B ~-> A, tp, tp' : C ~* B and 2-cells 
a: irip =>■ ntp' , 0: nip => 7r^>' m nat i/ie following equalities hold 



<W^(<*/3) = ((((n 1 A)^(O° v ,a))nn 1 <p)^(0))^>(0)+0*^ !V ,(a) 
= ((((7nA)^(a,0° ^UK^rWWwiP) +0*# V ,A<*)- 
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Proof. The result follows from the next equalities 

((((7riA)^(0°^a)p7ri^)HS))*( 
-(0riB).F(O°^/3)).6«, 

-P*C B + ((7TlB)^(/3, 0° ^,)). V) 

+/3*(-((7riA).F(0^,a)),6 v 



(b) 



-^#(( 7 riA)^(0^ ov ,a))*( 7 ri^),c B 
+(( 7 riA)^(a/3,0°^ v ,,))»((7ri ¥ >')^oV'))*V 

- ( (7Tl A) .F(0° o ^ , Qf/3) ) » (7T095) * 6^ 

-/3*a # c A 

+((iriA)^(a/8,0°^,)).(7roV')*V 
+«5/? # ((7r 1 A)^(a,0° v ,))*V 

+/3 # ((^A)^(a,0° „,)).<%/ 

— {a(3)*{b v ^, — 5{o v ^)) 
-/3 # (( 7 riA)jF(0° v ,a)).(7r lV) ).CB 
-/3*a # c A 

+/3 # ((^ 1 A)^(a,0°„,)).((W)»CB 

-(7T- t//)* C A) 

+((7nA)J r (a/3, 0° o¥ ,/^,/))*(V^' - ^(V.V'')) 
+<5/3#((^A).F(a,0°^))*V 
-(a/3)*^ - /3*a # c A - /3 # a*c A 
+((7riA)J r (a / 8, 0° o¥ ,/^/))» V^' 

°<p' 

+/3 # (( 7 riA)^(a,0°^))»V) 
( = 5 -(a/3)* 6^ - (a/3) # c A 



(c) 



+(( 7 riA)^(a/3,0^ ^ v ,,))* 

+<5((a/3)*o ¥ ,,y, - ((7riA)JP(a/3, O^^/y,/))^^^/ 
+/3 # ((^A)^(a, 0° V + /^) $ ca) 

Here for (a) we use (4.2), (4.8), (4.9) and (4.10); in (b) we apply (4.8) as well as 
(13.7) (1) and (3); for (c) we use (4.2) and (4.8); and finally for (d) we apply (4.12) 
and the fact that ca is a cocycle. □ 

Proposition 7.11. Given pseudofunctors ip,ip' ,ip,ip' : A ~-+ B between abelian track 
categories such that ip ~ ip' , ip ~ ip' and a 2-cell a: irip — irip' Trip — irip' in nat 
then i d ip ^{a) = -d v > ^ (a) . 

Proof. This is a consequence of the following equalities 

#^(a) = ((7riB)^(a,0°^)),^^(0°^) 

+*V,*'(<*) + ((^Bm0^,«))»^,,'(0° v ) 
= iV,v'( a )- 
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In the first equality we use Proposition 7.9 applied to the vertical composite a = 
0^ o ^DaD0^ oV , for the second one we use Proposition 7.8. □ 

This proposition proves that the cohomology class "& v ^{a) only depends on the 
homotopy classes of tp and tp, therefore we can denote it by 

0[d,hH(a)- 

Theorem 7.12. Given a homotopy class of pseudofunctors between abelian track cat- 
egories [ip] : A ~» B andoj G H 2 (woA, (ni'B)J 7 (no[ l p\)) there exists a unique homotopy 
class [ip]+ lu: A ~» B such that i?[ v ]+ U! [ v ](0^r]) = u. This induces a transitive and 
effective action of the abelian group H 2 (iroA, (7TiB)jF(7ro[<y9])) on the morphism set 
7T _1 (i/',A) C Pseudo^ fc (A, B) for any 1-cell in (ip,\): ttA — » 7rB m nat such that 
0a,bW>,A) = O. 

This proposition will be proved in Section 12. 

Proposition 7.13. T/ie action in Theorem 7.12 satisfies the following linear distribu- 

tivity law: given composable morphisms C ^+ B ^ A in Pseudo^ and cohomology 
classes w € H 2 (tt C, (7TiB)^ 7 (7ro[^])) and w G i? 2 (7r B, (7TiA).F(7ro[y>])) ifte equality 

(M +07) = MM + ((7riM)^(7roM)).a7+ (7r [V])*w 

is satisfied. 

Proof. The formula is a consequence of the following equalities, 

^(M+u>)(M+ro),MM(°7roMM) = (( 7r iM)^ r ( 7r o[V']))*^ 

+(7roM)*i? M+w>M (0° M ) 
= ((7riM)^(7r [^])).tJ7+(7r [V])*w. 

Here we apply Proposition 7.10 to the composite 0° MM = 0° [(/j] 0° □ 

8 The homotopy category of pseudofunctors as a 
linear extension 

An exact sequence for a functor A 

is given by two natural systems D, H on B together with an obstruction operator 
which determines whether a morphism in B is realizable through A or not, and an 
action + counting all possible realizations. We refer the reader to [Bau89] IV. 4. 10 for 
an explicit definition. Linear extensions of categories, in the sense of [Bau89] IV. 3. 2, 

can be regarded as special cases of exact sequences for functors with H = and an 
effective action + of D. A weak linear extension of categories occurs when we change 
B by an equivalent category in a linear extension as above. 

As a consequence of the results in Section 7 the 2-functor it in (3.8) regarded as 
an ordinary functor embeds in an exact sequence. More precisely, we can consider 
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the natural system H n (n > 0) on nat defined by the n th -cohomology of categories 
H n (C,D). The homomorphisms induced by a 1-cell (ip, A) in nat are (ip, A)* = A* 
and (ip, A)* = ip*. This is indeed a natural system because of the functorial properties 
of the cohomology of categories. The exact sequence for n 

(8.1) H 2 -i PseudoS? nat £ i? 3 

is given by the obstruction operator 6 in (7.1) and the action + in Theorem 7.12. 
Theorems 7.2 and 7.12 and Propositions 7.3, 7.11 and 7.13 prove that the axioms of 
an exact sequence for a functor are satisfied in this case. 

In fact the theory developed in Section 7 is much richer, because it also involves 
an obstruction theory for the realization of 2-cells through the 2-functor n. However 
we have not developed general axioms for this sort of exact sequence for a 2-functor 
because in this paper we concentrate only in the particular case of tt. 

The obstruction operator in (8.1) is an inner derivation in the sense of [Bau89] 
IV. 7. 3, the action + is effective by Theorem 7.12, and any object in nat is isomorphic 
to an object in the image of tt by Proposition 6.2, therefore we can obtain a weak 
linear extension from the exact sequence (8.1) in the following canonical way: consider 
the category CoH whose objects are triples (C, D, c) where C is a category, D is a 
natural system on C and c G H 3 (C,D). A morphism (ip,X): (C,D,c) — > (D,E,d) 
in CoH is a morphism (ip, A) : (C,D) — > (D, E) in nat which is compatible with the 
cohomology classes, that is A*c = ip*d. By Theorem 7.2 the functor tt extends to a 
functor 

7f : Pseudo° 6 — > CoH, tt(A) = (7roA,7nA, (A)). 
This functor fits into a weak linear extension 

(8.2) H 2 £ Pseudo^ CoH. 

Here + is the same action as in (8.1), and H 2 is regarded as a natural system on 
CoH through the obvious forgetful functor CoH — > nat. 



9 A 2-category in terms of cocycles 

In this section we describe an alternative and more algebraic model of the 2-category 
Pseudo^ 6 only in terms of the Baues- Wirsching cochain complex as a 2-functor. For 
this we will use the exact sequence for functors (8.1) constructed in Section 8. 

We define the 2-category CoC as follows: 0-cells (C, D, c) are triples where C is a 
category D is a natural system on C and c <G F 3 (C, D) is a 3-cocycle, that is 6c = 0. A 
1-cell (tp, A, e) : (C, D, c) -» (D, E, d) is given by a morphism (ip, A) : (C, D) -> (D, E) 
in nat together with a 2-cochain modulo coboundaries 

cc F 2 (C,ET(yj) 
Im 5 

satisfying Se — A*c — <p*d. A 2-cell a: (ip, A, e) =>■ (ip, £, b) between 1-cells 

(<p,X,e),(ip,<:,b): (C,D,c)^(D,E,d) 
is just a 2-cell a: (ip, A) => (tp, Q) in nat such that 

= -(^(0°o)),e - a*d + (ET(a, 0°))*b e H 2 (C, ET(a)) C ^^J^ ■ 
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One can check as in Proposition 13.8 that this linear combination of 2-cochains modulo 
coboundaries lies in the cohomology group. Composition of 1-cells is determined by 
the formula 

(<p, A, e)(V, C, b) = (W, (A^))DC, (\FW)*b + V*e). 

Composition laws for 2-cells are as in nat. It is not trivial at all to check that the 
horizontal or vertical composition of two 2-cells in CoC is indeed in this 2-category, 
however the necessary computations are similar to those in the proofs of Propositions 
7.9 and 7.10, and for this reason we do not include them here. 
There is an obvious 2-functor 

p: CoC — >nat, p(C, D, c) = (C, D), 

which is faithful in dimension 2, as tt is, see Proposition 2.2. This functor also embeds 
in an exact sequence 

(9.1) H 2 i CoC nat A H\ 
The obstruction operator is defined as follows 

0(C,D,c),(D,E,d){<P, A) = A* {c} - (p* {d} . 

Here {•} denotes the cohomology class of the cocycle inside. Moreover, the action 
+ is defined as follows, given a 1-cell (ip, A, e): (C,D,c) — > (D,E, d) in CoC and 
{s}eH 2 (C,ET(v)) 

{f, A,e) + {s} = {tp,\,e + s). 

Notice that this action is effective. The 2-functor p lifts to CoH through the forgetful 
functor CoH — > nat giving rise to a weak linear extension of categories 

(9.2) H 2 £ CoC CoH, 

where p(C,D,c) = (C,D,{c}). 

Proposition 13.7 proves that there is a 2-functor 

C: Pseudo^ > CoC, 

such that the image of an abelian track category A is C(A) = (7r A, m A, ca), 
and given a pseudofunctor ip: A ~^ B between abelian track categories C(tp) = 
TTicp,b,p). Here we use the cochains defined in Section 13 for a fixed global 
section, but notice that Proposition 13.9 proves that up to 2-natural isomorphism 
this 2-functor does not depend on that choice. 

By Proposition 12.1 the 2-functor C induces a map of exact sequences from (8.1) 
to (9.1) in the sense of [Bau89] 4.13 

H 2 Pseudo^ nat — H 3 

c 

H 2 — ► CoC > nat — 6 —> H 3 

hence by [Bau89] 4.14 C is an equivalence of categories regarded as an ordinary functor. 
Furthermore, the definition of 2-cells in CoC together with (7.6), Proposition 2.2 and 
Theorem 7.7 prove that C is fully faithful in dimension 2, hence it is not only an 
ordinary equivalence but an equivalence of enriched categories. 



67 



[Ill] The homotopy category of pseudofunctors H.-J. Baues and F. Muro 



10 Proof of Theorem 7.2 

The following result is a consequence of Proposition 13.7 (1). 

Proposition 10.1. Ifip: A B is a pseudofunctor between abelian track categories 
then 9a,b{^) = 0. 

In order to prove the converse we introduce the pull-back and push-forward of an 
abelian track category. 

Let A be an abelian track category and ip : C — > ttq A an ordinary functor, the 
pull-back of A along ip is the abelian track category ip*A defined as follows. The 
category (</?*A) is the following pull-back in Cat 

(10.2) (^*A) ^^C 

pull 

A — > tt A 

where p is the quotient functor. Track sets in ip*A are given by the formula 

(10.3) [X, Yj v . A (f, g) = &(X), <p'(F)] A (^(/), («?)). 
This pull-back comes equipped with a track functor 

(p: (p*A — > A 

which is given by ip' on objects and maps, and the equality (10.3) on tracks. This 
track functor determines composition laws in ip*A involving tracks. 

Proposition 10.4. The pull back (p*A satisfies the equalities TTQip*A = C and 
TTitp*A — (ttiA)T{lp). Moreover, the track functor (p induces iro<£> — <p and iriCp — 

n D 

>iA)%)- 

Proof. The natural projection (ip*A) — > C is p' in (10.2), the equality n (p = ip 
follows from the commutativity of (10.2), and the identities nitp*A = {ttiA)?^) 
and ix\(p = 0^. iA ^^) are direct consequences of (10.3). □ 

If A is an abelian track category and A: ttiA D is a natural transformation 
between natural systems on itqA the push-forward of A along A is an abelian track 
category A* A with the same objects and maps as A. A track (a\a): f => g in A* A 
is represented by a track a: f => g in A together with an element a £ -£>{/}• Two of 
these pairs represent the same track 

(a\a) = (0\b) 

if and only if 



b = a + \ {f} (cjj 1 (f3 B aa)). 



The vertical composition of tracks • ''^P • • in A* A is given by 

(a\a)D(f3\b) = (aD(3\a + b). 
Moreover, given a diagram in A* A as follows 

f 




G8 



11 Proof of Theorem 7.7 



the two horizontal compositions in A*A are given by 

(a\a)f = (a/| {/}* (a)) and g{a\a) = {ga\ {g}^ (a)). 
Notice that there is a track functor 

A: A — ► A*A 

defined as the identity on objects and maps, and X(a) = (a\0) on tracks. 

Proposition 10.5. The push-forward A*A satisfies 7ToA*A = ttqA and 7TiA*A = D. 
Moreover, the track functor X induces ttqX = 1 Wo a and iriX = X. 

Proof. It is enough to notice that for any map /: X — ► Y in Ao = (A»A) the 
homomorphism 

D {f} — > [X,Y] XmA {f,f), a~(0°|a), 
is an isomorphism with inverse 

lX,Yj KA (f,f)^D {f} , (a\a)^X {f} (aj\a))+a. 

□ 

Now we are ready to prove Theorem 7.2. 

Proof of Theorem 7.2. The "if" part is Proposition 10.1. Now suppose that we have 
a 1-cell (<p, A): it A — > 7rB in nat such that #a,b(<P, A) = A* (A) - <^*(B) = 0. By 
Propositions 10.1, 10.4 and 10.5 we have that (A*A) = A* (A) and ((fi*B) = tp*(B), 
therefore (A* A) = (tp*A). By [BJP03] 2.4.2 and [BJ02] 2.4 there exists a pseudofunc- 
tor (/): A* A ~~> (p*T5 with 7r</> = (I^a, O^bw^))' nence again by Propositions 10.4 
and 10.5 we see that tp = tpcpX satisfies the requirements of Theorem 7.2. □ 

11 Proof of Theorem 7.7 

The "if" part follows from Proposition 13.7 (2). 

Suppose now that a 2-cell a in nat is given with ~& v ^{a) = 0. We choose a 
1- co chain 

eeF^TroA^TriB^a)) 

with 

(H.l) S(e) = -((7riB)^(0° v , a))*b v - a#c B + ((TriB)^(a, 0°^))* V 

Notice that implicitly we have chosen a global section (i, /i, z/, n) as in Section 13. It 
will remain fixed throughout this proof. 

We claim that there exists a unique pscudonatural transformation r : tp =>• ^ such 
that for all objects AT and morphisms {/} : X — > y in 7TqA, tx = ia^ and is 
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the following composite track 



<p(X) 



tax 



¥>(*{/}) 



<p{Y) 




*(*{/}) 



tOLY 



that is 



T *{/} = (^F/}^ to x) n A i W(/)},ax Dcr t{"v' V (/)}( e ({/})) n Ma y ,,{ l p(/)}n(toy^{/}^)- 



If such a t exists then by (A. 7) for any map / in A if £: / = 
have 

T f = m) B ta x )aT t{n a(ta YV (0), 



<{/} is any track we 



In fact we can take this formula as a definition for r/. In order to check that t/ does 
not depend on the track £ chosen for its definition it is enough to see that the equality 
holds when £ is a self-track of t {/}, or equivalently that 

T t{f} = (^t{f}(a)) B ta x )nT t{f} n(ta Y <p(crt{f}(a))) 

for all a e (wiA)^. This follows from the next equalities, where we use (3.3), (3.4) 
and (3.7) in the first one, and the commutativity of (3.5) in the second one 



(V'K{/}(a)) H tox)nT t{ /}n(toy^(cr t{ /}(a))) 



(^F/},v> to *) n ^Fv>(/)w 

+ e ({/}) + aY*{irnp)*{a)) 
= T *{/} • 

This can also be used to check that r satisfies (A. 7). Moreover, (A. 9) follows easily 
from (13.1), . . . , (13.4), so it is only left to prove (A. 8). For this given composable 

maps X A Y A Z in A we choose fixed tracks £/ : / => t {/} and £ s : g =>- t {g} for 
the definition of r/ and r g , respectively. We will use the track M{s},{/}0(£ s £/) : g.f => 
t {gf} for the definition of r 9 /. 



{i/; g ,fta x )D( 1 l>{ g )Tf)D(T g <p{f))D(taz<£j) 
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= (v 9 J to x )D(^( 5 )V'(e/) B tox)n(V'(5)^f /} ^tox)n(V'(5)^( / ) } , ctx ) 

□(V'(5)^H^v(/)}( e ({/}))) n (^(3)A i c ty .{ v (/)})n(V'(g)toy^{/}, v ) 

□(^( 5 )toy^(oO)n(V'(G) H to>'^(/))n(^ } ,^^^(/))n(^ (3 ) } , ct ^(/)) 

□(^n" Z ^(/)}( e ({5}))^(/))D(Ma z .{ v ( 9 )}^(/)P(toz^{ 9 }, y ^(/)) 

□ (taz^fe)^(/))n(toz^ ;/ ) 

( => (^ J tox)n(^fe) B ^(0) H tox)n(^ } ,^f /} ^tox)n(t{^(.9)}^ (/ ) } , Qx ) 

Oo-t{V-(g) }t{ay ¥>(/)} ({V'(fl)}* e({/}))D(t {?%)} 

n (M{V(s)},a y * M/)}) aCT H^(/)}tM/)}(M/)}* e({fl})) 

□(^ z ,{ V ( 9 )}i{^(/)})n(toz^{ 3 }^^{/}^)n(toz^(C 9 )<y5(0)) n ( to 2^/) 
= (^(C s C/) H tox)n(^ {9 },t { /}tox)n(^f 3} ^^f /} ^to x ) 

Dcr t{4,(g)}t{4,lf)}t aY ({>(#)}* e({/}) + {</>(/)}* e({ff})) 

□ (i A*f W)W P(* {V>(<?)} /W,M/)>P(m|(»)W* 

I/ {9},¥> I/ {/}>¥> 

)n(ta z <pf {g}Mf} )n(ta z <p(Zgtf)) 

- (V'(^^/) H tox)n(V't{ s },t{/}tQ!x)n(^f s};V ,^f /};)/ ,iax) 
□^W(g)}t{</>(/)}w (a^*({/} , {5}) ~ (a#c B )({/} , {g}) + e({gf})) 
□(t M9)} /if W) w P(t {V(<?)} ^.m/)}) ^)}^* 
□(fe z ,{»( 9 )}'{*'(/)})DN''{ 9 ),/{/},^N^ { j ) , t { /) ) 
no-t azt { ¥ ,(g)}t{ ¥ ,(/)} aY (-az,6 ¥ ,({/} , {g}))D(ta z ^(C s C/)) 

- (^(C 9 C/) Hto x)n(^(M^ } , {/} )tox)n(^f 9/} ^tox)n(M{^(g)},{^(/)}tax) 

a<j tmg)}tWf)}taY (-c B ({V(sO} , {V>(/)1 , ax))n(t Mff)} /*fw) W ) 
Dcr tMs)} (e({3/})+c B (Wff)},ay,M/)})) 
□(* Ms)} /w.M/ttPO^,)},^* M/)}) 

□^f{a^( 9 )}t{ 9 (/)}(-CB(az, M#)} , M/)})P(a^ z ,M 9 )}* {<*>(/)}) 

n ( to 2M{ V ( 3 ) } , {v( /)})n(toz^{s/}^)n(toz^(M{9},{/}))n(toz^(CgC/)) 

- W(^/P^M,m) to *P^{^ 

D / i a z { V (g)},{ V (/)} n A i c tz ,{ V ( S /)}n(taz^9/}^)n(toz^(M{9}{/}n(GC/))) 



In (a) we apply (3.4); for (b) we use (A. 4) and (3.3); in (c) we use (11.1) and 
(3.3); for (d) we apply (4.5), (13.6), (3.3) and (3.4); for (e) we use (13.5) and (3.3); 
and finally we use (3.3) for (f) as well as the naturality of a. 

12 Proof of Theorem 7.12 

The key of the proof of Theorem 7.12 is the following result. 
Proposition 12.1. Given a -pseudo junctor (p: A B and a 2-cocycle 

s e F 2 (7r A,(7nB)J-(7ro(^)) 

there is a new pseudofunctor ip + s: A ^> B defined as ip on objects, maps and tracks 

such that for any object X in A we have (if + s)x = fx and for maps • A • — > • in 
A 

(f + s )i\g = ° V (fg){s{{f} . {»}))□¥>/,»■ 
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Moreover, for any choice of a global section as in Section 13 we have the following 
equality 



8. 



The proof is tedious but straightforward. 

Proof of Theorem 7.12. If s is a cocycle representing u> then by Proposition 12.1 and 
(7.6) the homotopy class [tp + s] satisfies the properties of [tp] + uj in the statement. 
The uniqueness as well as the fact that this defines an effective and transitive action 
follow easily from Propositions 7.8 and 7.9 applied to the vertical composite 0° o(p = 

o D no D □ 
13 Global sections and cochains 

A global section (t, yU, v, if) on the abelian track categories is a choice of maps and 
tracks 

• *{/}€{/}, 

• Hf}t{9} =>t{fg}, 

• Vx.a ■ olx => t{a x }, 

for all abelian track categories A, objects X and (composable) morphisms {/} , {g} in 
7r A, pseudofunctors between abelian track categories ip: A ~» B, and pseudonatural 
transformations a: tp tp. These choices must satisfy the following properties for all 
objects X and morphisms {/} : X — > Y in 7r A 

(13.1) t{l x } = l x , 

( 13 - 2 ) ^{/},{ix} = °t D {/}' 

( 13 - 3 ) = °t D {/}' 

(13-4) v {i x },<p = fx- 

Fixed a global section we define normalized cochains 

c A € F 3 (7r A,7TiA), 
6 V G F 2 KA,(^iB)^(7r ^)), 

eF^TToA^TTlC^Tro^))), 

e Q G F^TroA^TTiB^Troa)), 

for all abelian track categories A, pseudofunctors tp: A B and 0: B C, and 
pseudonatural transformations a: tp => ip. The cochain ca is the cocycle defined in 
[BD89], it is given by the formula 

(13.5) c A ({f},{g},{h}) = a- {fgh} ((i {fg}Ah} n{ii {fh{g} t{h}) 
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The formula for the cochain b v is 

(13.6) b v ({f},{g}) = ^ (fg)} {^W{ S )}^{ g )}^{v{ S }, v v {ghip ) 

n ^ {/}> t {s} n^(MF/ } , {s} )n^/ 9} , y ) ) 

for O0 i¥ , we have 

<w({/}) = CT t{ ^(/)}(^ { /},^D0(^f /}!V )n^ (/)}!0 ), 

and finally if {/} : Y — > X is a morphism in 7r A 

e Q ({/}) - CT t"{ 1 axy(/)}^W(/)},{«r} D ( !y {/},V ? ?y-«)nat{/} 

□(^VF/^P^m/)}). 

The reader can check that these cochains are indeed normalized by using (13.1), . . . , 
(13.4), (A.2), (A.3) and (A.6). 

Proposition 13.7. The following equalities hold 

1. 5(b v ) = (7ri^)»c A - (7iw)*c B , 

2. 5(e a ) - -((7riB)^(0° v , a)),6 v - a#c B + ((TnB^a.O^)).^, 
${o<i>, v ) = - {(ni<j>)J r ('iro l p))*b v > - (7r o ^)*&0. 

Proof. The proof of this proposition is a tedious but straightforward computation 
which uses intensively the properties of linear track extensions of categories, pseudo- 
functors and pscudonatural transformations, see Section 3 and the Appendix. In fact 
the proof of (2) consists essentially of reversing the long computation carried out in 
the proof of Theorem 7.7, see Section 11. So that the reader can get an idea of how 
to carry out these calculations we include here a detailed proof of (3). 

Given composable morphisms • • ^> • in 7r A 

{f}*o({g})-o({fg}) + { g yo({f}) 

{f}*Vt{<t>tp{g)}{V{g},4>v U <l>{vfg}, v ) Uv %(g)},<t,) 
-< J t{<P V (fg)}(nfg},<P V 0<p(l'f fg} ^)a^ {fg)}4) ) 

+ {ff}*o- tW¥ , (/)} (z/ {/};(/ , ¥ ,n^(i/ { H /};V ,)ni/ { H ¥l(/)} ^) 

CTt{^(/ 9 )}(M{^(/)},{^(9)}D(i{^(/)}^{9},0v) 
□ (i {M/)> #f fl}l „)P(t {Mf)} "Ma)},*) 

D M{^(/)},{0 V ( s )}(^{/},0 V ^{^(3)})n(0(^f/}, v )i{^(9)}) 

□(^(/)},/{^(.9)})nMf 0v(/ )}, {0V ( g ) } ) 

Vt{4> V {fg)}{v{>fUg)},<P<i>{v{fg}, V ) U V{fg},<l,< fi 
n V{<t> v U)}A<t><f{g)} n ( v U},<t><P l '{g},<t><p) 
°(^/}, v )^}, v )P('f»,WW'f v to)w) 
D ^F<M/)},{<M9)}) 
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%)({/}, M) 



(a) 



(b) 
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In (a) we use (3.3) and (3.4) and in (b) we apply (3.3) again. 
On the other hand 

&*>({/}, M) 

-((7Tl^(7ro<p)).(M({/}>{0}) 

* t c J — 1 

-(TOV)*(&«)({/} , M) = O-r{0 ¥ ,(/ 9 )}(M{0 ¥ .(/)},{0 ¥ >(9)}D(^{/}^^^{9},^) 

D (^)l{/),t{ s )Di| | f(C(/) 1 (j)) D ''{ E / 9 )*) 

-°"^(t{ ¥ .(/9)})(^(M{¥>(/)},{¥'(s)}) n '? !> ( !/ {/}^ !/ {9}^) 

a (^)^{/},i{ 9 }nMM{ 3 /},{ 9 })n0(^{ E / 9 },^)) 

- f7 t{ 1 ^(/9)}^{<*»'(/)}.{<*»'(9)} n (' / {»'(/)}^^{¥'(9)}^) 

□0^(/)},i{ ¥ >( 9 )}D0(^(/)},{ ¥ >( 9 )})C^F ¥ .(/ 9 )},0) 
(d) -i ( nt \ 

n ^(t{/}),v(t{9}) n ^(¥'t H {/},t{g}) n ^(^f/},{s}) 

□^{ E / 9 },^c^{ ¥ ,(/ 9 )}^n0(^{/ 9 }, v )n^(M{/},{ 9 }) 
a 0(^{/},i{ 9 })n0(^{ E /}, v ^F 9 },^) 

n ^tM/)},tMff)} n (^M/)},<^{¥>(s)},<A) 
{0^( 9 )}) 

- °"^(t{/ 9 })( !/ F/ 9 },^ D ^{¥>(/9)},0 D ^(^{/9}^)) 
+ °"^(t{/}) ¥ .(t{ 9 }))((^(^{ E /}^)^(^F 9 }^)) 
D (^M/)},<^{v(s)},<^ D (^{/},0V I '{s},4>v)) 

= o-i{0 V (/ 9 )}(^{ ¥ .(/ 9 )},0n0(^/ 9 }, 4 =)n^ E / 9 },^ 
D M{<#. ¥ >(/)},{<#. ¥ >( 9 )}n(^{/},^^{9},0¥>) 

D (^(^{ E /}^)^(^{ B 9},¥')) n (^(/)},0^{ E l(9)},0) 

n M{!M/)},{<M9)}) 

In (c) we use (3.7) and (A. 5); for (d) we apply (3.3); in (e) we use (A. 4) as well as 
(3.3); and finally for (f) we use (3.3) again. These two chains of equalities establish 
(3). □ 

The following proposition follows from Proposition 13.7 (1), (4.2), (4.9) and the 
fact that ca and cb are cocycles. 

Proposition 13.8. If ip, ip: A ~» B are pseudofunctors between abelian track cate- 
gories and a : n<p ==> mp is a 2- cell in nat then 

5(((7riB)^(0° v ,a)).6 v - ((7riB)^(a,0°^)),^) - -5a*(c B ). 

Let (i, /Z, P, fj) be another global section. A transition from (t, £L, v, ff) to (t, fj,, v, rj) 
is given by tracks 

P U y.t{f}^i{f} 

indexed by the morphisms {/} in 7ToA for all abelian track categories A. Such a 
transition determines cochains 

V A € F 2 (7ToA,7TlA), 
U v e F 2 (7T A, (7TlB)J"(7r 93)), 
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A Pscudofunctors and pseudonatural transformations 

where A is any abelian track category and <p : A B is an arbitrary pseudofunctor 
between abelian track categories. These cochains are defined by the following formulas 

VA({f},{a}) = « H ) g} (t {n , {g} a(p m p {g} )n^ f}i{g} npf fg} ), 
«*.({/}) = °un(v{f}^(P{f}) n V{f}^ n Pw(f)})- 

Let us call c~a and b v the cochains defined as above by the global section (t, p,, P, fj). 
Proposition 13.9. The following equalities hold 

1. S(v A ) = c A - c A , 

2. 8{u v ) = -b v + b v - (Tr (p)*VB + (tthp)*va- 

The proof of this proposition is tedious but straightforward, as the proof of Propo- 
sition 13.7. We leave it to the reader. 

Proposition 13.10. Given pseudofunctors tp,ip: A B between abelian track cate- 
gories and a 2-cell a: nip => nip in nat the following equality holds 

<5(((7TiB)J r (0° v , - a*v B 

-((7riB)^(a,0°^)),^) = -(( 7 r 1 B)^(0° v ,a)),(6 v -M 

-a # (c B - c B ) 

+((7riB)^(a,0°^)),(^-^). 
This proposition can be checked by using Proposition 13.9, (4.2) and (4.9). 

A Pseudofunctors and pseudonatural transforma- 
tions 

A pseudofunctor ip: A ~» B between track categories is an assignment of objects, 
maps and tracks together with additional tracks 

<Pf,g : ¥>(/Mff) => <P(f9) and ■ <p(lx) => l ¥ ,(x) 

for all objects X and composable maps • • — ► • in A. These tracks must satisfy 
the following conditions: the following three composite tracks are identity tracks for 

all maps / : X — > Y and composable maps •-^•-^•• J ^»inA, 

•p(fgh) 




<p(fgh) 
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1 V (X) 




¥>(/) 



For any horizontally composable tracks a, (3 in A the following composite track is 

<p(a[3) 



v(fg) 




f(f'g') 

and ip preserves vertical composition of tracks as well as identity tracks. These con- 
ditions can be summarized in the following six equations: 



(A- 1 ) Vfg,h^{Vf,gV{h)) = <Pf,ghO{<P{f)<Pg,h), 

( A -2) <Pf,lx = <P(/)VX, 

(A.3) ip lY j = <PY<p(f), 

(A.4) <Pf>, g >n(<p(a)<p(0)) = <p{aP)Utpj, B , 

(A.5) ip^Ue) = tp(-y)n<p(e), 

(A.6) <^(0°)=0° (/) . 



Notice that a track functor ip : A — > B is exactly a pseudofunctor such that ip f >g 
and <px are always identity tracks. 

Consider now two pseudofunctors A B. A pseudonatural transformation 

a: ip => ip is given by maps ax ■ <p{X) — > VPO f° r au objects A in A together with 
tracks 

¥>(/) 



*(/) 



7G 



A Pseudofunctors and pseudonatural transformations 



for all maps /: X — > Y in A. These tracks satisfy the following properties: for all 
tracks r : / =4> g in A the following composite track coincides with a g 



<p(g) 




</>(<?) 



Given composable maps X — > Y Z in A the following composite track coincides 



with 



a fg 



v (X)^iP(X) 



¥>(/) 



fg.f 
. ¥>(fl) 




For any object X in A the following composite track is the identity track 0° . 




^(1)^^(1) 

These three conditions can be restated as the following equations 
(A. 7) (ip(T)a x )Oa f = a g n(aY<p(r)), 



(A.8) 



{ipgja x )n(ip(g)a f )n(a g ip(f)) = a gf D(a z ip gJ -), 



(A.9) 



¥x = {ipxax)Oai } 



If ip and V> were track functors, a would be a track natural transformation provided 
a>f were always an identity track. 

Recall that a homotopy £ :</?=> V between pseudofunctors <p, ^ : A ~* B has been 
defined as a pseudonatural transformation with £x = ^-ip(x) = ^-Mx) f° r au objects 
X in A. In order to regard homotopies as a special kind of pseudofunctors we define 
the reduced cylinder track category ID. It has a unique 0-cell *, a unique non-trivial 
morphism i: * — > * with i? = t, and only one non- identity track I: 1„ =>■ i which also 
satisfies I 2 = I. The reader can check that this category can actually be drawn as a 
reduced cylinder, that is, a cylinder over the circle with a shrunk segment. There are 



exactly two pseudofunctors from the final track category j , j 



One of them, 



let us say j , is a track functor, and the other one is not. The unique pseudofunctor in 
the opposite direction is denoted by q: D ~+ *. Notice that all these pseudofunctors 
induce the identity 7rD = n* when applying the functor n, that is, they are weak 
equivalences. 
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Proposition A. 10. Any homotopy £ : <p =4> ip induces a pseudo 'functor £: A x ED ~+ B 
with £j = (p and t^j 1 = ip. Conversely a pseudofunctor (: A x D ^» B induces a 
homotopy (: (j° => (j 1 with Q = (((£j},£). Moreover £ = £ and C = (■ 

The homotopy ( is completely defined in the statement, so all one has to do is to 
check that the axioms of a pseudonatural transformation hold. We leave this task to 
the reader. We also leave to the reader to check that there is a unique choice for £ 
satisfying the properties of the statement. 

The next proposition shows that pseudofunctors are flabby, in the sense that one 
can change de definition on maps within the same homotopy class in a quite general 
way. 

Proposition A. 11. Let ip: A ~» B be a pseudofunctor and £f. (p(f) ipf a col- 
lection of arbitrary tracks indexed by the maps of A. There is a well-defined pseudo- 
functor tp: A ~* B which coincides with ip on objects given on maps by ip(f) = ^ on 
tracks a: f =4> g by ip{a) = ^ g ip(a)^ , and by the formulas ipf t9 = ^fgDpf } gD(^^), 
and ipx = fxS,f x ■ Moreover, the tracks define a homotopy £: (p tp. 

A reduced pseudofunctor ip is a pseudofunctor that preserves identity maps <p{lx) = 
l v(x) and ip x = 0° x . 

Proposition A. 12. Any pseudofunctor is homotopic to a reduced one. 

Proof. It is enough to apply Proposition A. 11 to the tracks : ip(f) ^ such that 
¥ = V(f) and = °°(/) if / is not an identity map, = l v{X ) and £ lx =ip X - □ 

A track category A has a strict zero object * if the morphism groupoids [A, *]a 
and [*,A]a are trivial for all objects X. The strict zero object is unique up to 
isomorphism in A. In this case all morphism groupoids [A, YJ a have a distinguished 
map Ox.y '■ A — > Y which is the unique one that factors as A — > * — > Y. 

Proposition A. 13. Let A be an abelian track category such that ttqA has a zero 
object * and ttiA vanishes over all maps X — > * and * — > X, then there is an 
abelian track category B with a strict zero object * and a track functor tp : A — > B 
with iTQtp = I^a and Tt\tp = 0^ iA , in particular tp is a weak equivalence and A is 
homotopy equivalent to B. 

Proof. The objects of B are the same as in A. In order to define maps in B we say 
that two maps /, g : X — > Y in A are equivalent / ~ g if / = g or if there is a diagram 

(a) 

in A where the composition of the upper arrows is / and the composition of the 
lower ones is g. Notice that the tracks in (a) are unique by the vanishing condition 
imposed to 7TiA. The reader can check that this is a natural equivalence relation on 
the ordinary category A , therefore the quotient category B = A / ~ is defined. 
Let us write [/] for the equivalence class of a map / in A. Tracks [/] [g] in B are 
defined as tracks / => g in A between two arbitrarily chosen representatives. This 
definition is consistent because, as we noticed before, diagram (a) is unique when it 
exists, hence vertical composition of tracks in B can be defined in a unique reasonable 
way. □ 
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Suppose that ip : A B is a pscudofunctor between track categories with strict 
zero object * such that ip preserves the zero object <£>(*) = *. The pseudofunctor ip 
is normalized at zero maps if it preserves zero maps p(0x,y) = 0<p(x),ip(Y)i an d given 
maps / : Y — > Z and g: W — > X the equalities <p f t o x Y — 0q x z and tp 0x r ,g = ^o w x 
hold. ' 

Proposition A. 14. Any pseudofunctor ip: A B preserving strict zero objects is 
homotopic to a pseudofunctor ip normalized at zero maps. 

Proof. The pseudofunctor tjj is obtained by applying Proposition A. 11 to the tracks 
£f : p(f) =>■ ipf such that ipf — p(f) and £/ = OB^n if / is not a zero map, ip 0x - Y = 

O v (x),ip(Y) an d £,o x ,Y — Vo!. r .o x »■ T ne rea der can check that V is indeed normalized 
by using (A. 4) and the fact that * is a strict zero object. □ 
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[IV] 

Cohomologically triangulated categories 

H.-J. Baues and F. Muro 

Abstract 

We define cohomologically triangulated categories as triples (A, t, V) given 
by an additive category A, an additive equivalence t : A — » A and a cohomology 
class V in the translation cohomology H 3 (A,i). Here V is triangulated if it is 
represented by a good translation track category (B,s) satisfying two natural 
axioms (TTrl) and (TTr2). It is proved that in this case (A, t) is a triangulated 
category in which exact triangles depend only on the class V. 

Introduction 

A stable homotopy theory (like the homotopy category of spectra or chain complexes) 
yields a groupoid-enriched category B in which 2-cells are tracks, i. e. homotopy 
classes of homotopies. The suspension determines a pseudofunctor s : B ~» B such 
that by the classification result in [III] one obtains a characteristic cohomology class 

V= (B,[s}) eH 3 (A,t). 

Here A is the homotopy category of B and t is induced by s. Extending the main 
result in [I] we show that if the pair (B, s) satisfies two natural axioms (TTrl) and 
(TTr2) on the so-called track triangles then (A, t) is a triangulated category in which 
exact triangles are induced by the track triangles. Moreover, we show that the exact 
triangles are determined by the cohomology class V and do not depend on the choice 
of (B, s) representing V. Therefore we call the triple (A,t, V) a cohomologically 
triangulated category and we call V a triangulated cohomology class. In [V] we 
characterize triangulated cohomology classes in a purely cohomological way. 

The authors are very grateful to Bernhard Keller for discussions on an earlier 
version of this paper. 

Notation 

In this paper the arrow — > is used for morphisms in ordinary categories, 1-cells in 
2-categories and functors. We use for 2-cells in 2-categories and natural transfor- 
mations, and ~> for pseudofunctors. Identity morphisms or 1-cells are denoted by 1, 
with the object as a subscript when necessary. For the identity 2-cells and natural 

2000 Mathematics Subject Classification: 18E30, 18D05 

Key words and phrases: triangulated categories, prctriangulatcd categories, groupoid-enriched 
categories 

The second author was partially supported by the MEC grant MTM2004-01865 and postdoctoral 
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H.-J. Baues and F. Muro 



transformations we use the symbol D . Horizontal composition in 2-categories is de- 
noted by juxtaposition, as the composition law in ordinary categories, while we use 
the symbol □ for vertical composition. The vertical inverse of an invcrtiblc 2-cell or 
natural transformation a is a B . 



1 Triangulated categories 

Let A be an additive category with zero object * and let t: A — > A be an additive 
equivalence, hence 

t: Hom A (A,Y~) = Rom A (tX,tY) 

is an isomorphism of abelian groups and t(X (BY) — (tX) © (tY). A small candidate 
triangle in A is a diagram in A of the form 



A 



f 



B 



C 



tA 



such that if = 0, qi = and (tf)q = 0. A morphism k between small candidate 
triangles is a commutative diagram 



-ttA 



feo 


fel 


k 2 


J - 


- i , , 





tk 



It is an isomorphism if the vertical arrows are isomorphisms in A. The category of 
small candidate triangles will be denoted by cand(A, t). 

Definition 1.1. We say that A is a pretriangulated category if it is equipped with a 
distinguished family £ of candidate triangles (called exact triangles) which is subject 
to the following axioms: 

(TrO) Any candidate triangle isomorphic to an exact triangle is exact. For any object 
A in A the following candidate triangle is exact 



A — ^ A 



tA. 



(Trl) Any morphism /: A — > B in A is part of an exact triangle 



B 



C 



tA. 



(Tr2) A candidate triangle A B A C ^> t A is exact if and only if B A C t A 
tB is exact. 

(Tr3) Any commutative diagram 

A 




whose rows are exact triangles can be extended to a morphism k between can- 
didate triangles. 
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2 Triangulated track categories and cohomologically triangulated categories 



We say that A is a triangulated category if in addition it satisfies: 

(Tr4) The octahedral axiom. Given two morphisms A — > B C in A, if the rows of 
the commutative diagram 

A-UB-±+C f -« + tA 



gf 



A _^ c ^ Cgf -^tA 



1g 



tf 



B — —> C — C g — "-^ tB 
are exact triangles then this diagram admits a commutative extension 

A > B > C f > tA 




B^^C—^C, 



such that 



is an exact triangle. 



t(i f )q 



c f — y c gf — > c g — > tc f 



2 Triangulated track categories and cohomologically 
triangulated categories 

A track category A is a category enriched in groupoids. Hence for objects X, Y in A 
one has the hom-groupoid [A, Y]a in A. The objects /: X — > Y of this groupoid are 
called maps, and the morphisms a: / => g are called tracks. Let {X, Y]a(/> 9) be the 
set of all tracks / =>■ g. The symbol for the identity track in / is 0^. Equivalently, a 
track category is a 2-category all of whose 2-cells are invertible. Ordinary categories 
can be regarded as track categories with only the identity tracks. 

A pseudofunctor between track categories ip: A B is an assignment of objects, 
maps and tracks which preserves composition and identities only up to certain given 
tracks 

</?(/Ms) => <p(fg) and Lpx- f(lx) => \(xy 

These tracks must satisfy well-known coherence and naturality properties, see for 
example the Appendix of [III] for details. A pseudonatural transformation a: ip => ip 
between two pseudofunctors ip, ip : A ~» B is a collection of maps ax ■ <fi(X) — > ip(X) 
in B indexed by the objects of A such that the usual squares only commute up to 
given tracks af. ay<p(f) =** *P(.f) a x indexed by the maps /: X — > Y in A. These 
tracks must satisfy certain axioms, see also the Appendix of [III]. 

A homotopy £ : ip => ip between two pseudofunctors ip, ip : A ~> B is a pseudo- 
natural transformation £ such that the maps £x : <p(X) — > ip(X) are identities, i. 
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e. p(X) = ip(X) and £x = l<p(x) = ^ip(x)- Two pseudofunctors ip and ip are homo- 
topic ip ~ ip if there exists a homotopy between them. Since homotopics are invcrtible 
pseudonatural transformations the homotopy relation is a natural equivalence relation 
in the category of track categories and pseudofunctors. See [III] 3 for details. 

In the rest of this section (A, t) will be a translation category with A and t 
additive and t an equivalence. We will consider the following A-bimodule (i. e. 
functor A op x A — > Ab where Ab is the category of abelian groups) 

(2.1) Horn* = Hom A (t, -) 
and the natural transformation 

(2.2) i: Horn* = Hom A (i, -) => Hom A (i 2 ,i) = Hom*(i,t) 

given by (— l)t. Recall that in this case the translation cohomology of (t, t) defined 
in [III] 5 is denoted by 

H*(A,t) = H*(t,t). 

Definition 2.3. A translation track category (B, [s]) over (A, t) is a linear track 
extension in the sense of [BD89] 

(2.4) Horn' AB^Bo-^A 

consisting of a track category B, a functor p: Bo — > A from the underlying ordinary 
category B of B such that p is the identity on objects and p(f) — p{g) if and only if 
there exists a track / => g, and isomorphisms 

a f : Horn* (A, F) £* Aut IX , ylB (/) = [X,Y] B (f,f) 

for all maps /: X — > Y in B. These isomorphisms satisfy the following properties, 
given a track a: f =4> g in B, 

(2.5) aOo-f(x) = a g (x)Da; 
and given composable maps •^•-'^•^•in'B 

(2.6) f<Tg(%) = °~fg(p(f)* x ) and °~g( x ) h = & gh (p(h)* x) . 

Also as part of the structure of a translation track category there is a homotopy class 
of pseudofunctors [s] : B ~» B such that for some representative s (and hence for 
anyone) one has that for all maps / : X — > Y in B and a 6 Horn* (X 1 Y) the equalities 

P( s (f)) = t(p(f)) and s (°7( a )) = a s(f)(t(a)) hold. 

Two translation track categories (B, [s]) and (C, [r]) over (A, t) are equivalent if 
there exists a pseudofunctor ip : B C such that for all maps / : X — > Y" in B and 
a e Hom*(A, F) the equalities p{<p{f)) = p(f) and cr ¥ ,(/)(a) = p(o-f(a)) are satisfied 
and v?s is homotopic to r<£. 

The next result is the main theorem in [III] . 

Theorem 2.7. Equivalence classes of translation track categories over (A, t) are in 
bijective correspondence with the translation cohomology classes in H 3 (A.,t). This 
bijection is determined by the characteristic translation cohomology class of a trans- 
lation track category (B, [s]) over (A,t) 

(B,[«]> e tf 3 (A,t) 

defined in the proof of [III] 6.3. 
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Hence for each class V 6 H 3 (A,t) we can choose an associated translation track 
category (B, [s]) with 

(B,N) = v. 

By [IB] A. 13 and A. 14 we can always assume that the zero object * of A is a strict 
zero object in B, i. e. [*,A]b and {X, *] B are the trivial groupoids for any object 
X in B, in particular the zero map 0: X — > Y is defined for any two objects X,Y 
in B as the composite X — > * — > Y. We can also assume that the pseudofunctor s 
representing the homotopy class [s] (which preserves *, since s coincides on objects 
with t) is normalized at zero maps, i. e. s(0) = 0, s j = 0° and s/,0 = Ojj 1 for any 
map / in B. In this situation we say tat (B, s) is a good translation track category. 

A track triangle in a good translation track category (B,s), compare [I], is a 
diagram in B 



(2.8) 




such that the following equalities hold 



( s m 2 )a(( s (H )a Sl j) B q ) 

A morphism of track triangles is a diagram in B 
(2.9) 1 ' 



o-o(-Ub] 
o-q(Uc)- 




such that the next three equalities are satisfied 



k 2 H = (tfofcoP(^oP(#i/), 

S(fc )#l = 0fflfclP(«tflP(#2*), 

«(fc!)ff 2 = (H 2 k 2 )a( s (f)K 2 )a(( s f k a s (K )a SklJ )q). 



Here Hi are the structure tracks of the lower track triangle in (2.9). Another morphism 



(2.10) 




A B C a A 

f i q 
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is homotopic to the morphism in (2.9) if there exist tracks L^: ki => fcj [i = 0, 1,2) 
such that the following equations are satisfied 

tfL Q )UK = K (L x f), 
(fLiptfi = Ki(Lzi), 
(qL 2 )DK 2 = K 2 (s(L )q). 



Notice that if the tracks Li are given first then the diagram (2.10) defined by the 
previous three equations automatically defines a morphism of track triangles which, 
in addition, is homotopic to (2.9). 

The category of track triangles in (B, s) and homotopy classes of morphisms will 
be denoted by candt(B, s). There is an obvious forgetful functor 



(2.11) 



q = £?(b,s) : candt(B, s) — > cand(A, t) 



sending a morphism in the source category represented by (2.9) to the following 
morphism of small candidate triangles in the sense of Section 1 



, p(f) „ p(i) „ p(q) 
A > B > C > tA 



p(feo) 




tp(fco) 



HA 



Proposition 2.12. Let (B,s) and (C,r) be good translation track categories repre- 
senting the same cohoraology class in H 3 (A,t). Then a small candidate triangle in 
(A, t) is in the image o/g(B, s ) if and only if it is in the image of Qoc,r)- 

Proof. Let ip: B C be a pseudofunctor realizing the equivalence between (B,s) 
and (C,r) as in Definition 2.3 and let £ : rep => ips be a homotopy. Recall that the 
pseudofunctors s and r coincide on objects (they both actually coincide on objects 
with t) and that <p is the identity on objects. In particular by [III] A. 14 we can 
suppose without loss of generality that ip is normalized with respect to zero maps. 
The pseudofunctor ip and the homotopy £ induce a functor 



(ip, £)* : candt(B, s) — ► candt(C, r) 



sending a track triangle 
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to 




¥>(/) 



-> B > C v(<z) > rA 




The functor sen ds the homotopy class of a track triangle morphism in (B,s) 

given by the diagram 

A — ^ S > C — ^ «i4 



ko 



K *ji ^ ATi &2 



A — -> S — ^ C — -> *4 

/ * 9 

to the homotopy class of track triangle morphisms in (C,r) given by 

¥>(/) „ ¥>(*) „ <p(q) 




<p(ko) 



r<p(k ) 



¥>(/) " ¥>(*) 

The following diagram of functors is commutative 

candt(B, s) 



<p(q) 



e(B,»> 



candt(C, r) 



cand(A, t) 



6(C,r) 



therefore the small candidate triangles in (A, t) in the image of £>(b,s) are a l so m the 
image of Q(c,r)- The other inclusion follows by symmetry. □ 
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Definition 2.13. Given a cohomology class V 6 H 3 (A,t) we say that a small can- 
didate triangle 

A -L> B -U C -U t A 

in (A, t) is a small V -triangle if it is in the image of £>(b,s) f° r some (and hence for any) 
good translation track category (B, s) representing V. This definition is consistent 
by Proposition 2.12. 

The following definition generalizes the concept of a triangulated track category 
as introduced in [I] to the case of a "non-strict" translation functor. 

Definition 2.14. A pretriangulated track category is a good translation track cate- 
gory (B, s) together with a distinguished family of track triangles which is subject to 
the following axiom: 

(TTrl) For each map /: A — > B in B there exists a distinguished track triangle 



o o 








It is a triangulated track category if in addition the following axiom is satisfied: 
(TTr2) Given distinguished track triangles 



o o 



and 




A — — > B — i— > C — <?-> sA — sB , 




o 



any diagram 
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in B extends to a track triangle morphism 



A > B 



-+C >sA 



K ki p Kt ko p K2 

-> B ■ 



sko 



^C—r+sA 



Theorem 2.15. Let (B,s) and (C,r) be good translation track categories represent- 
ing the same cohomology class in H 3 (A,t). Then (B, s) admits the structure of a 
(pre)triangulated track category if and only if (C,r) does. 

The proof of this theorem will be given in Section 4. 

Definition 2.16. Let A be an additive category, t: A — > A an additive equivalence 
and V £ H 3 (A,t) a translation cohomology class. We say that (A, t, V) is a coho- 
mologically (pre)triangulated category if for one (and hence for any) good translation 
track category (B, s) representing V the pair (B, s) admits a (pre)triangulated track 
category structure. In this case V is called a (pre)triangulated cohomology class. This 
definition is consistent by Theorem 2.15. 

Generalizing the main result in [I] we show: 

Theorem 2.17. If (A,t, V) is a cohomologically (pre)triangulated category and £y 
is the class of small V '-triangles then (A,t,£y) is a (pre)triangulated category. 



Proof. Axiom (Trl) follows from (TTrl) and (Tr3) is a consequence of Proposition 
4.18. Moreover, (TrO) and (Tr2) will be proved in [V] 5.8 by using a purely coho- 
mological characterization of small V-triangles. We prove now that the octahedral 
axiom holds provided (A, t, V) is cohomologically triangulated. Let (B, s) be a good 
translation track category representing V. The pair (B, s) admits a triangulated track 
category structure by Definition 2.16. Let us fix such a structure. 

Consider morphisms A B P ^ C in A. Indeed one can always suppose that 



this diagram comes from a diagram A — > B 
is a diagram of track triangle morphisms 



C in B. By (TTrl) and (TTr2) there 



A > B > C f > S A 

F | G 
A —9f-> C —iaf* Cgf -Qgf^f sA 
F> I t/c' 

B — s-> C — — ► Cg — — > sB 



where the rows are distinguished track triangles, and now by Proposition 5.1 



n p(s) n 

C f ' C 9f 



PU) n (*P( i /))p(9s) 



tc f 
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is a small V-trianglc. This means that axiom (Tr4) holds for the diagram 



p(f) 



P(if) „ P(lf) 

> C f > tA 



D 



pjgf) 

p(f) 
p(g) 



P(igl) 



iCgf 



P(lgj) 



>tA 



P(ig) 



>c 



P{lg) 



tp(f) 



but it also must hold for any other diagram 



pU) 



> B ■ 



-ftB 



->tA 



->tA 



B 



pU) 
p(g) 



^C a 



tp(f) 

->tB 



whose rows are small V-triangles, however this is a consequence of the fact that the 
extension of a morphism h: X — ► Y in A to a small V-triangle given by (Trl) is 
unique up to an isomorphism of small V-triangles given by the identity on X and Y 
since the functor ? in (4.15) restricted to small V-triangles fits into a linear extension 
of categories defined in Proposition 4.22, and therefore it reflects isomorphisms, see 
[Bau89] IV.4.11. □ 

Notice that by Proposition 2.12 the (pre)triangulated structure determined on A 
by this theorem only depends on the translation cohomology class V £ if 3 (A,i). 



3 Obstruction theory for track triangles 

Track triangles, introduced in Section 2, are the basic elements for the definition of 
a (pre)triangulated track category. In this section develop the obstruction theory 
for the realization of small candidate triangle morphisms by track triangle morphisms 
through the functor g in (2.11). This obstruction theory will play an important role in 
the purely cohomological characterization of cohomologically triangulated categories 
carried out in [V]. 

In the statement of the following proposition we use the cand(A, t)-bimodules 

defined by the translation cohomology groups of the triangle category, see [V] 4. 
Actually we only need them in dimensions 1 and 2. The cochain complex G*([T, T]*t) 
computing the cohomology groups H*(sh 3 , [T, T]*t) for two small candidate triangles 



T = {A -A B -U C -U tA} , 
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is given in low dimensions by 

G°([T,T]*t) = Hom A (L4,A)©Hom A (lB,B)©Hom A («7,C) 



h -/* 

_0 >» 
'(A, A) 



G 1 ( [T, T]*t) 



G 2 ([T, T]*i) 

5 



Hom A (L4, B) © Hom A (lB, C) © Hom A (iC, iA) 

i, /* 



0* { {A,B) (*/>• 

Hom A (L4, C) © Hom A (tB, L4) © Hom A (iC, iB) 

?« -/* o > 

_0 (t/)» -i* 



G 3 ([T,T]*f) = Hom A (tj4, L4) © Hom A (t_B, tB) © Hom A (tC, tC) 

See [V] 4.14. Here (— )* and (— )* denote morphisms induced by the A-bimodule 
Hom A (t, — ). The functoriality on T and T is clear. 

Proposition 3.1. The functor (2.11) fits into an exact sequence 

^(sh 3 , [-,-]**) ^candt(B,s) -^cand(A,t) ff 2 (sfr 3 , [-, -]*£) 

in i/ie sense of [Bau89j IV. 4- 10. Moreover, the action + is effective. 

An exact sequence for a functor encodes the usual properties of obstruction theory 
in homotopy theory. The abstract definition will not be recalled here, we refer the 
reader to [Bau89] IV. 4. 10. However the verification of the axioms for the case of 
Proposition 3.1 constitutes the statement of the following five lemmas, which prove 
Proposition 3.1. 

In the proof of the following results we will use a fixed global section (£, [i, v, n) in 
the sense of [III] 14. We are actually interested in £, \x and part of v only. This is 
given by a choice of a map If : A — > B in B for any / : A — > B in A with p(£f) = f 
and £(lx) = lx, tracks =^ ^(/.?) with /i^i = 0^ = Mi,/, and tracks 

i//, s : s(£/) ^(i/) with v\ x , s = Sx- Since B has a strict zero object * which is 
preserved by s and s is normalized at zero maps we can also impose here £(0) = 0, 
M/,o — 0q — noj an d vo,s = 0q. We will also need a collection 7 of tracks 7/ : £p(f) => 
f indexed by all maps / in B such that j£ g = 0^ for any morphism g in A. 

Lemma 3.2. Let T and T be track triangles given by 




and 




» sB 
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For any morphism k: gT — > gT of small candidate triangles as in the following dia- 
gram 

, p(f) „ p(») „ p(i) 
A > B > C > tA 

tka 



k 


fel 


*=2 


■: p(f) : 


- p(») - 


1 p(?) - 



A > B > C — — ■> t A 

i/iere is a well-defined cohomology class 

$ T ,f( k ) G H 2 (sh 3 ,[gT, gf]*t) 
which vanishes if and only if k is the image by g of a track triangle morphism T — > T. 
Proof. The element "& T f{k) measures the failure in 




to define a morphism of track triangles, i. e. it is represented by the cocycle 
(6-2, 6-1, M eG 2 ([gT,gf]*t)with 



b-2 
b-i 
bo 

where 



ao 1 ((S (£k ))0(iM )n(M 1 f)D((ek 2 )H^)), 
a^ 1 ((H 1 (ek 1 ))D(qM 1 )D(M 2 i)D(s(ek )Hf)), 

<7 - 1 ((5 2 (a 2 ))n( s (/)M 2 )n(( s ^ feo n s (Mo)n Sttl , / )g)n(s(ffc 1 ) J ff 2 B )), 



M = (7/(^o))DMp (/)ifco nM fel ,p(/)n((^i)7/), 

m 1 = (^(^ 1 ))n M ^ )ifci n Mfc2 , p(j) n((£fc 2 ) 7j H ), 
m 2 = ( 7g -(^ 2 ))n^ )ife2 n Mtfe0!P(9) nK , S 7 9 H ). 

If the cocycle (6_ 2 ,6_i,&o) is the coboundary of (c_ 2 ,c_i,Co) G G 1 ([gT, gf]*t) 
then fc is the image under g of the homotopy class of morphisms of track triangles 
T — > T represented by the diagram 



A 



ik 



> B > C > sA 

-4- 4-- 



-> B ■ 



^C—^sA 
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with 



K o = a f{eko) (-C- 2 )OM Q , 

K \ = Oi(<fei)(-c-i)nMi, 

K 2 = aq {lk2) {-c )UM 2 . 
On the other hand if k is the image by g of the track triangle morphism 




then the cochain (c_2,c_i,cq) G G 1 ([gT, £?T]*i) defined by 



-c_ 2 = a^ o (^on(7fe 1 /)nM H n(/7|)), 
-c_i = a^(i? 1 n(7fe 2 i)nM 1 H n(i 7 fe H 1 )), 



Co = ^(^□( s ( 7£o ) (Z )nM 2 H n(g 7 f 2 )), 



satisfies 5(c_2, c_i, Co) = (6_2, &-i, &o) so $t,t(^) = 0- 

The reader can check that the cohomology class i) T f (fc) does not depend on the 
choices made for its definition. □ 

Lemma 3.3. In the conditions of the statement of Lemma 3.2 if another track triangle 




>sB 



and another morphism k: gT — > gT of small candidate triangles 



- p(f) p(i) - p(q) 
A > B > C > tA 











fei 




i p(f) ; 


= p(») 


= p(g) 



tko 



->tA 



are given, then the following equality holds 

d Tf {kk) = M t ,tO) + k*§ Tf (k). 

Proof. Following the definition of i? in the proof of Lemma 3.2 the reader can check 
that 



(a) 



Kd T ^{k) + k*d Tf {k) 
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measures the failure in 




A M/~) > B tp<J) > C W9) > sA 




to define a track triangle morphism T — > T, i. e. (a) is represented by (b_2, 6-1, &o) G 
G 2 ([(?T, gf]*t) denned by 



= <7 - 1 ((#o(^o)(^o))n(lM )n(M 1 /)n((^ 2 )(£fc 2 )F H )), 
6_i = <7 - 1 ((5 1 (^ 1 )(^ 1 ))n(|M 1 )n(M 2 i)n(s((^o)(^o))^ 1 H )) ) 

□(*((^i)(^i))fr 2 H )), 



where 

Mi = (((^i))n^ iSi n/ii^ 

m 2 - (((7,-(^))n/i5 SiS3 nM t ^ iP( 5 ) nK, a (M«))))(^)) 

□ (a (£fc ) (Mp (g - )>fc2 □M tfe0 , P ( 9 ) °K ,.7f ))) ■ 
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On the other hand $ T ^(fcfc) measures the failure in 
/ 




> sA 



£(k„k„) <(feifeip(/)) ^(feifei) i(k 2 k 2 p(i)) 




s(.(k k ) 



to define a track triangle morphism T — ► T, i. e. d T f{kk) is represented by 
(6_2,6-i, 60) G G 2 ([gT,gf]*t) with 

6_ 2 = a - 1 ((^o^(fcofco)))n(^ )n(M 1 .f)n((^(fc 2 fc 2 )) J ff H )), 

6_r = a 1 ((# 1 (l(fe 1 fc 1 )))D(fM 1 )D(M 2Z )D( S Wfc fco))i?i B )), 

60 = a - 1 ((5 2 (^(fefc 2 )))n( s (/)M 2 )D(( s i £( , ofco) n s (M )n s ^ ifci)J ) (Z ) 
□(*Wfcifci))H H ))), 

Mo = (7 / (^(feofc b )))n^ iEofco n/i £lfcliP(/) n((^(fe 1 fc 1 )) 7 f), 
M x = ( 7| (^(fc 1 fc 1 )))n A1 B (1)!Sifci n^ 2fc2 ^ ) n((^fc 2 fc 2 )) 7l H ), 
m 2 = (7 ? (^fc 2 fc 2 )))n^ (?)i fc 2fe2 n^(fc 0fc0 ),p( 9) n(^ 0fc0 , s 7 9 H )- 

Now a laborious but straightforward computation shows that the cochain (c_ 2 , c_i, Co) G 



where 



G^T^T]**) given by 



C-2 
C-l 



c ° = %i 2fc2 )( M 2n(( s (^ , fc0 )n^ ^ )9)nM 2 H n(/M^ fc2 )) 

satisfies 

5(c_2,c_i,co) = (6_2,6_i,6 ) - (6_2,6_i,6 ), 
therefore the lemma follows. 

Lemma 3.4. For any candidate triangle T given by 





□ 
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and any c G H 2 (sh 3 , [gT, gT]*t) there is a candidate triangle T as follows 




» sB 



such that 9 T rp(\ gT ) = c. 

Proof. If c represented by the cocycle (c_2, c_i, c ) G G 2 ([gT, gT]*t) then it is enough 
to define 

H = a (c-2)OH , 
Hi = ^(c-iJOffi, 
H 2 = a {c )DH 2 . 

□ 



Lemma 3.5. Given track triangles T and T defined by 

o 




and 




the abelian group H 1 (sh 3 ,[gT, gT)*t) acts effectively on the set of homotopy classes 
of track triangle morphisms T — > T in such a way that given c G H 1 (sh 3 , [gT, gT]*t) 
and a homotopy class k: T — > T then g(k + c) = g(k) and if k: T —>> T is another 
homotopy class with g(k) = g(k) then there exists (a unique) c G ff 1 (s/i 3 , [gT, gT]*t) 
such that k = k + c. 

Proof. The action + is defined as follows: let k: T — > T be a homotopy class of 
morphisms of track triangles represented by 



(a) 



A ■ 



-s- B ■ 



ko 



>C >sA 

sk 



K fci & ifi *j2 P K-2 



-> B ■ 



-> sA 
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and let (c_ 2 , c_i, c ) G G 1 ([gT, £>T]*F) be a cocycle representing the cohomology class 
c e i? 1 (s/i 3 , [gT, £>T]*f), then fc + c: T — > T is represented by the diagram 

(b) 




with 

Ko = <Tf ko (c- 2 )nK , 

Ki = Oifci(c-i)n-K"i, 

^2 = 0-^ fe2 (co)Di^2- 

Actually, the homotopy class of (b) only depends on c, because if (c_ 2 ,c_i,Co) — 
(c_ 2 ,c_i,Co) £ ^([eT.eT]**) is the coboundary of (e_ 2 ,e_i,e ) £ G"([gT, gf]*t) 
and 



(c) 




is given by 

= <Tf ko {c- 2 )nK , 

Ki = <J- lkl (c- 1 )aK 1 , 

K 2 = <Jq k2 {co)UK 2 , 

then the tracks <r ko (e- 2 ): k => fc , a kl (e-\): k\ k\ and a k2 (eo)- k 2 => k 2 prove 
that (b) and (c) are homotopic. 
Moreover, if (a) is homotopic to 

(d) 




/ — i ~ q 

by the tracks Li : ki =>■ fcj (i = 0, 1, 2) then (b) is homotopic to 




with 



Ko = <Tf ko (c- 2 )nK , 
Ki = <T- Ikl (c- 1 )E1K 1 , 
K 2 = <Tg k2 (c )DK 2 , 



97 



[IV] Cohomologically triangulated categories 



H.-J. Baues and F. Mure- 



also by the tracks Li. Therefore k+c does not depend on the choice of a representative 
for the homotopy class k : T — > T. 

If (a) and (b) where homotopic the homotopy would be necessarily given by tracks 
&k {b-2)'- => k , (7/^(6-1): fci =^> k\ and crfc 2 (6o): k 2 => k 2 . In this case it is easy to 
check that <5(6_ 2 , b-i, bo) = (c_2, c_i, Co), so c = 0. This proves the effectiveness. 

Finally suppose that we have two homotopy classes of morphisms k, k: T — > T 
defined by (a) and (d), respectively, such that p(fcj) = p(fcj) (i = 0, 1, 2). Then if we 
define 

c-2 = a /fco ((^ 7feo n 7 f o ))nx n((7fe i n7 fe H 1 )/)n^o H ) I 
c-i = ^ 1 ((^( 7fcl n 7 f i ))nx 1 n(( 7S2 n 7fe H 2 )*)nx 1 H ), 
co - ^ fe2 ((g( 7fc2 n 7 f 2 ))n^ 2 D( s ( 7£o n 7 B) (Z )n^ 2 H ), 

it is not had to check that (c_ 2 ,c_i,c ) G G 2 ({gT, gT]*t) is a cocycle and its coho- 
mology class c satisfies k = k + c, since the track triangle morphism (b) defined by 
(a) and (c_ 2 , c_i, c ) is homotopic to (d) by 7 ^.D 7 ^ : fcj fci (i = 0, 1, 2). □ 

Lemma 3.6. Given homotopy classes of track triangle morphisms 



and cohomology classes c G H 1 (sh 3 , [gT, gT]*t) and c G iJ 1 (sft- 3 , [gT, gT]*t) then the 
action defined in Lemma 3. 5 satisfies the following linear distributivity law 

(k + c){k + c) = kk + (g(k)*c + g{k)*c). 

This lemma follows easily from the definition of the action + in the proof of Lemma 

3.5. 



4 Small V-triangles and homotopy pairs 

Consider an additive category A, an additive equivalence t: A — > A, a translation 
cohomology class V G H 3 (A,t), and a good translation track category (B, s) repre- 
senting V. These data will remain fixed throughout this section. Here we define the 
category of homotopy pairs in B. We establish relations between this category, the 
category of track triangles on (B,s), and the category of small V-trianglcs. These 
relations will play an important role in the proof of the main theorems of [V]. We 
also characterize (pre)triangulated categories in terms of homotopy pairs. By using 
this characterization we prove Theorem 2.15 at the end of this section. 

We are going to use the concept of (weak) linear extension of categories in [Bau89] 
IV. 3. 2 that we now recall. At the same time we are going to define the weaker concept 
of (weak) linear action on a functor, which is however different from the linear actions 
considered in [Bau89] IV. 2. 8. A linear extension (resp. action) 

(4.1) D -±+ D C 

is given by a full functor p which is the identity on objects, a C-bimodule D (i. e. a 
functor C op xC^ Ab), and (effective) right actions of D(pX,pY) on the morphism 
sets D(X, Y) for all objects X and Y in D such that the orbits coincide with (resp. 
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are contained in) the fibers of the map p: T)(X, Y) -» C(pX,pY). These actions must 
satisfy the following linear distributivity law: given morphisms 



X 



Y 



in D and elements a £ D(pX,pY) and b £ D(pY,pZ) we have 
(g + b)(f + a)= gf + (p(f)*b + p(g),a). 

In a weak linear extension (resp. action) we do not require p to be the identity 
on objects but only that any object in C is isomorphic to an object in the image of 
p. A weak linear extension can always be replaced by a honest linear extension up to 
equivalence of categories. This definition of weak linear extension is equivalent to the 
original definition in [Bau89] IV. 3. 3. 

Let T be any category. The category Pair(T) of pairs on T is defined as follows. 
Objects are morphisms in T and a morphism (h,k): f — > g is given by a commutative 
square in T 

h V 



•*■ k K •*■ 
• > • 

If is T additive and D is a biadditive T-bimodule we define D # as the Pair(T)- 
bimodule given by 

D#(f, g) = D(A, D)/(g*D(A, C) + f*D(B, £>)) 

for / : A -» B and g : C -» D in T. 

The category Hopair(B) of homotopy pairs in the track category B is defined 
as follows. Objects are maps /: A — > B in B. A morphism [ko , k\ , K] : f — > / is 
represented by a diagram 



(4.2) 




in B. Moreover, [fco, ki,K] = [ko, ki, K] if and only if there are tracks Lq : ko => ko 
and L\ : k\ k\ such that (fL )OK — KO(Lif ). The obvious forgetful functor 
Pb : Hopair(B) — > Pair(A) fits into a weak linear extension 



(4.3) 



(Horn 1 ) 



Hopair(B) Pair(A) 



compare [Bau97]. The action is defined as follows, given a morphism [fco, k\,K] repre- 
sented by a diagram as above and g £ (Hom*) # (p(/),p(/)) represented by g: tA^B 
then [k ,k!,K]+ g = [k ,k 1 ,KOa klf (g)]. 

The category Pair(A) is obviously additive and (Horn*)* is a biadditive Pair(A)- 
bimodule. By [BHP97] 6.2 the category Hopair(B) is also additive in a unique 
compatible way with the structure of weak linear extension in (4.3). One can easily 
check that the full subcategory of Hopair(B) given by the maps iX : * — > X is 
isomorphic to A. We denote 



i: A 



Hopair(B) 
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to the full additive inclusion. The cone functor associated to a map / : A — > B in B 
is the additive functor 

(4.4) Conef = HoniHopair(B) (/, : A — > Ab - 

Cone functors are introduced in [I] in a different but equivalent way. There Conef(X) 
is defined as the quotient set 

Conef (X) = {(a, a) ; a: B — > X in B and a: af => 0} / ~ 

where (a, a) ~ (/?,/?) if there exists H : a => [3 such that a = (3D(Hf). The equiv- 
alence class represented by (a, a) is denoted by {a, a}, the correspondence with the 
definition given here is determined by the identification {a, a} = [0, a, a] : f — > lX. 

Recall that A-modules are additive functors A — > Ab. The category of A- modules 
and natural transformations between them is denoted by mod(A). The category A op 
is fully included in mod(A) through the functor X *—> HoniA(X, — ). The advantage 
of the new approach to cone functors is that we immediately obtain the following 
result. 

Proposition 4.5. Cone functors define an additive functor 

Cone: Hopair(B) op — ► mod(A). 

Proof. The functor Cone corresponds to 

Hom H opair(B)(-, : Hopair(B) op x A — > Ab 

by the exponential law. With the notation in [I] a morphism of homotopy pairs 
[fco, ki,K]: f — > / induces the A- module morphism 

[fco, fci, K]* : Conef — ► Conef 

defined by {a, a} {ak\, (ako)D(aK)} . □ 

Cone functors are embedded in exact sequences of A-modules 
(4.6) 

Horn a (tB, -) {tp M r Hom A (L4, -) Cone f -X Hom A (B, -) Hom A (A, - ). 

Here q/(g) = {0, 0o(<?)} and if {a, a} — p(a), see [I] 3.4. In fact the exactness of this 
sequence is an immediate consequence of the axioms of a weak linear extension for 
(4.3) and the compatibility with the additive structure on Hopair(B), sec [BHP97] 
6.2. 

Remark 4.7. This exact sequence is natural in / in the following sense, given a mor- 
phism of homotopy pairs [fco, k\,K]: f — > / represented by a diagram as in (4.2) the 
following diagram of A-modules commutes 



Hom A (tB, — ) ^ p ^> Hom A (L4, -) — Conef — — > Hom A (_B, -) J-£i^. Hom A (A 



(tp(fei))* 



(tp(ko)r 



p(fci)* 



p(fco)* 



Hom A (i£, -) — -> Hom A (L4, -) — -+ Cone/ — -> Hom A (£, -) — — > Hom A (^4, -) 

(*p(/)) if if p(f) 
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Remark 4.8. Let Hopair rep (B) C Hopair(B) be the full subcategory given by those 
maps in B such that the associated cone functor is representable, for any such a map 
/ in B one can choose an A-module isomorphism 

X f. Hom A (C/,-) = Cone f . 

A particular choice determines a functor 

(4.9) C: Hopair rep (B) ► A 

such that the restriction of Cone in Proposition 4.5 to Hopair rep (B) op coincides up 
to natural equivalence with 

Hopair rep (B) op A op c mod(A). 

The natural equivalence x is given by the representations above. By using C we can 
define a functor 



(4.10) 



C: Hopair rep (B) ► cand(A,i) 



as follows. Given an object /: A — > B in Hopair rep (B) the small candidate triangle 
C(/) is 



(4.11) 



where if and qf are determined by the A-modulc morphisms if and qf in (4.6), re- 
spectively, the isomorphism Xf an d Yoneda's lemma. The functor £ sends a morphism 
[ko,ki,K] in Hopair rep (B) represented by diagram (4.2) to the following morphism 
of small candidate triangles 




tp(k a ) 



This diagram commutes by Remark 4.7. The functor £ does not depend on the choice 
of the isomorphisms Xfi U P to natural equivalence. 

The following proposition shows that track triangles determine representations of 
cone functors. 

Proposition 4.12. Given a track triangle in (B, s) 

o o 



» sB 




the A-module morphism 

X{i,H }- Hom A (C, -) — ► Cone f 
represented by {i,Ho} <E Conef(C) is an isomorphism. 
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Proof. The inverse sends {a,d} £ Conef(X) to the unique morphism I: C — > X in 
A such that a (tl) = ((s(a)Ds a j)q)D(aH^). Compare [I] 4. □ 

Remark 4.13. In the conditions of the statement of Proposition 4.12 the following 
diagram of A-modulcs commutes 



HoniA(C, 



p(qY 



Rom A (tA, -) 



if 



p(i)* 



X{i,H } 



Hbm A (fl,-) 



*/ 



Conej 

By Proposition 4.12 there is an obvious forgetful functor 

(4.14) q = e (B , s ) : candt(B, s) — ► Hopair rep (B) 

sending the homotopy class of a track triangle morphism as in (2.9) to [ho, ki,K ] 
There is also an obvious functor 

(4.15) ? : cand(A, t) — > Pair(A) 
sending a small candidate triangle 

A B -U C * A 
to /: A^> B regarded as an object of Pair (A). 
Proposition 4.16. In the following diagram of functors 

Hopair rep (B) 




Pair(A) 



candt(B, s) 



cand(A, t) 

the triangle in the left commutes up to natural equivalence and the triangle in the 
right is strictly commutative. 

Proof. The statement about the triangle in the right-hand side is obvious. Let 

o o 




(a) 



be any track triangle. Possibly the representation 

Xf- Hom A (C/,-) = Cone f 
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chosen for the definition of C in (4.9) and ( in (4.10) is different from 

X{i,H }- Hom A (£>,-) = Cone f 
in Proposition 4.12. However if the morphism I: D — > C/ in A represents 

Xf x {Ih ) 

Horn A (C f, Cone f Hom A (£>,-) 

then the following isomorphism of small candidate triangles 

, p(f) p(») p(?) 
A ► B > D > tA 




is natural in the track triangle (a). This can be checked by using the definition of ( 
and the next lemma. □ 

Lemma 4.17. Given a morphism between track triangles 

f 



A- 



fco 



-> B ■ 



K a fci 



*B- 



*** 



A" 2 



i/ie composite A-module morphism 



Hom A (C, — ) = Conef 



[ko,ki,K ]* 



Conef = Hom A (C, — ) 



is represented by p(k 2 ) : C — > C. 

Proof. It is enough to check that [/co, fci, -Ko]* {*>-Ho} = -ffoC(i-Ko)} coincides 
with X{i,_f/ }(p(fc2)) = {k 2 i, k 2 H } m Conef(C). For this one uses -fTi : k 2 i => ik\ and 
the definition of track triangle morphism. □ 

The following result allows us to prove (Tr3) for cohomologically pretriangulated 
categories. Let cand(V) be the category of small V-triangles. 

Proposition 4.18. The functor <; is full over the full subcategory cand(V) of small 
V '-triangles. 

Proof. By Proposition 4.12, Remark 4.13 and Yoneda's lemma any small V-triangle 
is isomorphic to an object in the image of the functor ( in (4.10). By Proposition 
4.16 the composite functor coincides with p, which is known to be full, hence this 
proposition follows. □ 

Suppose now that (A, t, V) is cohomologically pretriangulated. By (TTrl) and 
Proposition 4.12 all cone functors are representable. By Remark 4.8 a choice of 
representations determines a functor 

(: Hopair(B) — > cand(A,t) 

which is well defined up to natural equivalence. 
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Proposition 4.19. If (A, t, V) is cohomologically pretriangulated then the functor ( 
takes values in small V -triangles. 

Proof. By Proposition 4.12, Remark 4.13 and Yoneda's lemma for any map / in B the 
small candidate triangle ((f) is isomorphic to a small V-triangle, now the proposition 
follows from Theorem 2.17 (pretriangulated case) and (TrO). □ 

In the next proposition we show that the functor g in (4.14) is compatible with 
the actions of H 1 (sh 3 , [— , —]*t) and (Horn')* in Lemma 3.5 and (4.3), respectively. 
For this we consider the natural transformation of cand(A, i)-bimodules 

(4.20) w: ^(sh 3 , [-,-]**) =► (Hom*)%, <r) 

sending a cohomology class represented by a 1-cocycle (c_ 2 , c_i, c ) G G 1 ([T, T]*t) to 
the element represented by c_ 2 in (Hom*)#(<^T, <jT). 

Proposition 4.21. For any morphism f:T — > T in candt(B,s) and any a £ 

^(sh 3 , [qT, gf]*i) we have that 

g(f + a) = g{f)+m (eTeT) {a). 

This result follows immediately from the definition of the linear actions. 

There is a similar result for the functor £ in (4.10). In order to state it we construct 
first a weak linear action on the functor cr in (4.15). For this we consider the Pair(A)- 
bimodule 

Hom mod ( AoP )(Ker£, Coker). 

Here Hom mod ( A o P ) denotes morphism abelian groups in the category of A op -modules, 
and 

Kert,Cokcr: Pair(A) — > mod(A op ) 

send a morphism /: A — > B in A to the kernel of tf and the cokernel of / in the 
abelian category of A op -modules through the Yoneda full inclusion A C mod(A op ), 
respectively. 

Proposition 4.22. There is a weak linear action 

Horn mod ( A op)(Kert, Coker) cand(A, t) Pair(A). 

Moreover, if (A, t, V) is a cohomologically pretriangulated category then this weak 
linear action restricts to a weak linear extension on the full subcategory of small V- 
triangles 

Hom mod ( A o P )(Ker£, Coker) cand(V) Pair(A). 

Proof. The second part of this proposition actually holds for any pretriangulated 
category if we change cand(V) by the category of exact triangles. For any small 
candidate triangle 

A -U B -U C -U t A 

we denote by 

i : Coker / — ► Hom A (— , C) 

and 

q: Hom A (-,C) — > Kerf/ 
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to the A op -module morphisms induced by the equalities if = and (tf)q = 0, 
respectively. Given a morphism k between small candidate triangles 



■+tA 



feo 


fcl 


k 2 




- i 


=. 9 - 



tk 



-> B ■ 



and a E Hom mod ( A o P )(Kert/, Coker/) the morphism k + a is given by the diagram 



■> B 



->tA 



feo 


fcl 


k 2 +iaq 


i / - 


i 


-. Q 



'.fed 



where we identify the A op -modulc morphism 

iaq: HomA(-,C) — >HoniA(-,C) 

with the corresponding morphism C — > C in A by Yoneda's lemma. 

The proof of the second part is an easy exercise of pretriangulated category theory. 

□ 



Let 
(4.23) 



S: (Horn 



Hom mod ( A o P ) (Kcr t, Coker) 



be the natural transformation of Pair(A)-bimodules defined as follows: given f:A—> 
B and /: A — > B in A and an element a e (Hom*)*(/, /) represented by a : tA^B 
in A then 5(a) 6 Hom mod ( A o P )(Keri/, Coker/) is represented by the composite 

Keri/ ^ Hom A (-,tA) Hom A (-,S) -» Coker/, 

where the first and the last arrows are the inclusion and the projection of the kernel 
and the cokerncl, respectively 

Proposition 4.24. Given a morphism [k ,ki,K]: f — > f in Hopair rep (B) and a e 

(W)#(p(/),p(/)) then 

C([k ,k 1 ,K]+a) = C([fc ,fci,*n) + s (p(/),p(/))( Q! )- 

Proof. By using the compatibility of the additive structure on Hopair(B) given by 
[BHP97] 6.2 with the linear extension of categories (4.3) and our new definition of 
cone functors in (4.4) one readily checks that if a : tA~^B represents a then 

([ko, k\,K] + a)* = [ko,ki,K]* + qfa*ijr: Conej — ► Cone/. 

Here we use the A op -module morphisms in the exact sequence (4.6). By definition of 
C in (4.9) this implies that 

C([k , ki,K] + a) = C[ko, h,K] + ijraqf 

where ij and qf are given by the definition of £ on objects in (4.11). This last equation 
yields the formula in the statement. □ 
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We record the following further property of the natural transformations w and S 
which is going to be relevant in [V] . 

Lemma 4.25. The composition of the two following cand(A, t)-bimodule morphisms 
is trivial 



H\sh 3 ,[-,-]*t) ^ (Rom*)*^*;) 



Hom mod(A) (Ker fc, Coker<j). 



Moreover, if {A., t, V) is cohomologically pretriangulated and we restrict to the full sub- 
category cand(V) of small V -triangles then the corresponding sequence o/cand(V)- 
bimodule morphisms is exact. 

Proof. The first part of the statement is an easy exercise based on the definition of 
the cochain complex G* in Section 3, and we leave it to the reader. 

Suppose now that (A, t, V) is cohomologically pretriangulated and that we have 
two small V-triangles 



T : 
T ■■ 



B 



B 



C 



C 



tA 



} 



tA 



and an element a <E (Hom*)#(cT, <;T) represented by a: tA 
i. e. the composite 



B such that 2(a) = 0, 



(a) 



Ker tf Hom A (-,iA) -^U Hom A (-,£?) -» Coker/ 



vanishes. Since T and T are small V-triangles by Theorem 2.17 (pretriangulated case) 
and well-known properties of pretriangulated categories the sequences of A op -modulcs 

Hom A (-,C) HoniA(-, tA) Hom A (-, tB), 



(b) 



Hom A (-, A) Hom A (— , B) -U Hom A (— , C), 



are exact, therefore the vanishing of (a) is equivalent to the identity iaq = 0. Since 
(b) is exact and iaq = then by Yoneda's lemma there exists a commutative diagram 
in A 




Now by (TrO) and (Tr2) the upper row is an exact triangle in the pretriangulated 
structure for A given by Theorem 2.17, hence by (Tr3) there is a commutative exten- 
sion 

1 >tC 

tko 

HA 

By using the commutativity of this diagram the reader can easily check that (a, —k2,tk ) E 
G 1 ([T, T]*t) is a 1-cocycle whose cohomology class c satisfies zu(c) = a. 

□ 
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The following lemmas state translations of axioms (TTrl) and (TTr2). 

Lemma 4.26. The pair (B,s) admits a pretriangulated track category structure if 
and only if all cone functors are representable and the functor 

(: Hopair(B) — ► cand(A,£) 

defined in (4-10) takes values in small V-triangles. 

Proof. In order to prove the "if" part we only need to construct a class of distinguished 
track triangles satisfying (TTrl). For any map / in B the small candidate triangle 
((f) is a small V-triangle so it is the image by g of a track triangle 



o o 




A :r-» B — i— > C — 9-> sA t+ sB 



A — - 

/ 




In particular p(f) = f. We choose a track 7: / => f and set the track triangle 








to be distinguished. Now (TTrl) is clearly satisfied. 

The "only if" part follows from Propositions 4.12 and 4.19. □ 

Lemma 4.27. The pair (B, s) admits a triangulated track category structure if and 
only if there is a full subcategory dist(B, s) o/candt(B, s) such that the composite 
functor 

(a) dist(B, s) c candt(B, s) Hopair(B) ^ Pair(A) 

is surjective on objects and the restriction of Q(b,s) t° dist(B, s) is full. 

Proof. If (B, s) is a triangulated track category and dist(B,s) is given by distin- 
guished track triangles then (a) is surjective on objects by (TTrl), since p is already 
known to be surjective on objects, and Qm, s ) restricted to dist(B, s) is full by (TTr2). 

Conversely if (a) is surjective on objects we can define distinguished track triangles 
as follows. We choose for any morphism /: A — > B in A a track triangle in dist(B, s) 




107 



[IV] Cohomologically triangulated categories 



H.-J. Baues and F. Muro 



with p(£f) — /. Moreover, for any map g : A — ► B in B we choose a track 7 S : £p(g) => 
g with 7£ f = 0^. Now we define the distinguished track triangles as the track triangles 
(c) 








for all maps g in B. The axiom (TTrl) is now clearly satisfied. Moreover, (TTr2) 
also holds since (c) is isomorphic to (b) for / = p(g). The isomorphism is given by 
diagram (c) itself. □ 

Now we are ready to prove Theorem 2.15. 

Proof of Theorem 2.15. As in the proof of Proposition 2.12 we choose a pseudofunctor 
p: B ~* C in the conditions of Definition 2.3 realizing the equivalence between (B, s) 
and (C,r) and a homotopy £: rep ps. We recall that the pseudofunctors s and r 
coincide on objects (they both actually coincide with t) and that ip is the identity on 
objects, in particular by [III] A. 14 we can suppose that p is normalized with respect 
to zero maps. In the proof of Proposition 2.12 we defined a functor 

(<p, £)* : candt(B, s) — ► candt(C, r) 

induced by (p and £. The pseudofunctor <p also induces a functor between the cate- 
gories of homotopy pairs 

ip* : Hopair(B) — > Hopair(C). 

This functor sends a map /: A — > B in B regarded as an object in Hopair(B) to 
p(f) : A^> B. The image of the morphism represented by the diagram 




in B is given by 
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The following diagram of functors is commutative 



(a) 



candt(B, s) — — > Hopair(B) 



candt(C, r) 



e(c,o 



-> Hopair(C) 



Moreover, induces a map of weak linear extensions 

(b) (Horn 4 )* — ^ Hopair(B) -^-S- Pair(A) 

(Hom*)# —±-4 Hopair(C) -^-S- Pair(A) 



In particular ip* is an equivalence of categories. 

The equivalence <p* in diagram (b) determines isomorphisms between the cone 
functors defined by B and by C since cone functors are restriction of Hom-functors 
in the category of homotopy pairs, see (4.4). In particular tp* restricts to the full sub- 
categories given by maps with representable associated cone functor and the functors 
£ defined in Remark 4.8 fit into a diagram commuting up to equivalence 



Hopair rep (B) 

C 



cand(A, t) 

C 



Hopair rep (C) 



This and Lemma 4.26 prove that (B, s) admits a pretriangulated track category struc- 
ture provided (C,r) does. The converse follows by symmetry. 

Suppose now that (B, s) admits a triangulated track category structure. Then 
by Lemma 4.27 there is a full subcategory dist(B, s) of candt(B, s) such that, over 
dist(B, s), the functor pb£>(b,s) is surjective on objects and Q(b,s) is f uu - If we define 
dist(C,r) as the full subcategory of candt(C,r) given by the images by (<£,£)* of 
the objects in dist(B, s) then the commutativity of (a) and (b) and the fact that 
is an equivalence imply that, over dist(C,r), the functor pcQ(c,r) is surjective on 
objects and f?(c,r) 1S f uu > therefore again by Lemma 4.26 we have that (C,r) admits 
a triangulated track category structure. The converse follows also by symmetry. □ 



5 The octahedral axiom 

This section contains the results which allow us to prove the octahedral axiom for co- 
homologically triangulated categories. In this section A is always an additive category 
and t : A^Aan additive equivalence. 

Proposition 5.1. Let (B,s) be a good translation track category representing V G 
H*(A,t). Suppose in addition that (A, t, V) is cohomologically pretriangulated. Con- 
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sider two composable morphisms of track triangles as follows 



A — s/-» C — Cgf -9 3 /-> S ^ 



^ P(ff) ^ P(/) ^ (*P(v))p(9s) 



is a small V -triangle. 



For the proof of this proposition we need the exact sequence in the following 
lemma. 



Lemma 5.2. Let (B,s) be a good translation track category over (A, t) and let t 1 

be an inverse equivalence for t with fj,: tt~ x = 1a a natural isomorphism. Given 
morphisms A — > B C in B f/iere is an exact sequence of A-modules 



Cone g ft 1 > Cone ft 1 > Cone g s- Cone g f 



[1a,5,0°]* 



» Cone/ 



where d is the composite 



d: Coneft' 1 f -> Hom A (B,r 1 ) ^ HomA^tt -1 ) = Hom A (iS,-) ^ Cone 



Compare [I] 3.6. 



Proof of Proposition 5.1. This proof is essentially and adaptation of [I] 9 to the more 
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CD 
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cr cd B 

&» » 

rS & O 

3 & B 
BP 
P CW 



B 

B 



P 

B 
_^ < 

p2 CD 

cr 

cd 



_ H 

CD ET 
CX CD 

-d m 
3 B 
Br-' cr 

Br a 
p p 
I era 

$1 

pi p 

cd cr 

B ^ 

p cd" 

h tr 

f° p 

H> 

tr o 

CD O 

1 1 



1 [lA,fl,0° J**" 1 

Cone g ft > Cone ft 



Cone c 



[/,ic, o°]* 



> Cone g f 



[U, ff ,o° / ] 



-> Conef 



p(*/) 



Hom A (iC s / , tt" 1 f^i } Hom A (i C/ , 1 ) 




T*p(v))* 



p» Hom A (iB, -) 



Hom A (tC s/ , -) ( * P(g)) > Hom A (tC/, -) 



p(g)* 



((tp(i f ))p(q g )r 



> Hom A (C 9 , -) — > Hom A (C 9/ , -) — > Hom A (C/, -) 



S- cr 
P V! 

I' ^ 

5. CD 

S- B 



[1.4,9,0° J**- 1 

Cone g ft ■ > Cone ft 



ift 



^{v,^}*" 1 Hom A (B,r 1 ) 



HoniA (tC 3/ , tt - 1 Horn A {tC f , tt~ 1 ) 



HomA^B,^ 1 ) 

'(tp(if)T 



a*- 1 Hom A (tB, -) 

(tp(*/)) 



HoniA C g f , — ) ■ p< " 9 ^) HomA (tC / , 





-> Cone g )■ Cone g f )■ Conej 



X {*W} 



> Coneg — !^ HomA(C 9 /, -) P -^> HoniA(C/, 



5 The octahedral axiom 



commutativity of £ and A. The commutativity of £ follows from the next equalities: 

[/,lc,0°r^(/0 = [f,lc,0° f ]*{0,Mh)} 

= {0i gf ,a Q (h)a(0F B )} 

= {0,a (h)i f } 
= {0,a (h(tp(i f )))} 
= q g (h(tp(i f ))) 
= q g (tp(i f )T(h). 

Given now {a, a} G Cone g {X) we have that [/, lc, 0^]* [if, i g f, F B ]* {a, a} is 
represented by 




C f —s^ C gf X 



->B- 



X 



l 9f 



This composite track coincides clearly with 




>X 



This other one is obviously the same as 




C f > C 'gf ■ 

t 



4 t X 



/ 



The conditions defining track triangle morphisms show that this composite track 
coincides with 




and this composite track represents Xji f H gi ya { a > e Cone g f(X), so 4 com- 
mutes. 

The commutativity of (b), Lemma 5.2, (4.6) and the five lemma show that [if, i g f, F B ] 
is an isomorphism. Moreover, since (A, t, V) is cohomologically pretriangulatcd there 
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and a commutative diagram 




see Remark 4.13. Therefore composing (a), (b) and (c) and applying Yoneda's lemma 



114 



References 



we obtain an isomorphism of small candidate triangles 

n P(fl) ri P(/) n (*K*/))p(9s) 

Cf > Cgf > Cg > tCf 




* tC f 

vig) p(*») P(9g) 

where / : C g — > Cg represents 

X {l,H^ if,i9f,FB ^ X {*s> HS o} : Rom A(Cg,-)=Uom A (Cg,-). 

Since the lower candidate triangle is a small V-trianglc, the upper one is also a small 
V-trianglc by Theorem 2.17 (prctriangulated case) and (TrO), hence the proof is 
finished. □ 
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Triangulated cohomology classes 

H.-J. Baues and F. Muro 

Abstract 

A cohomologically triangulated category is an additive category A together 
with a translation functor t and a cohomology class V € H 3 (A,t). We show 
that V satisfies certain purely cohomological conditions if and only if V is rep- 
resented by a triangulated track category. This yields a purely cohomologically 
characterization of triangulated cohomology classes. 

Introduction 

In [IV] we define a cohomologically triangulated category as a triple (A, t, V) given 
by an additive category A, an additive equivalence t : A — > A and a cohomology class 

V G H 3 (A,t) 

in the translation cohomology of the pair (A, t) in the sense of [III] such that V 
is represented by a good translation track category satisfying two axioms (TTrl) 
and (TTr2). For this we use the main result of [III], which says that 3-dimensional 
translation cohomology classes classify translation track categories. 

The aim of this paper is to characterize cohomologically triangulated categories 
in a purely cohomological way i. e. without invoking the fact that translation co- 
homology classes are represented by translation track categories. This is achieved in 
Theorem 7.1 as a consequence of Theorems 6.11 and 6.14. There we obtain vanish- 
ing conditions on some new cohomology classes associated to V which imply that 
(A, t, V) is a cohomologically triangulated category. These new cohomology classes 
are obtained from V by using spectral sequences constructed in Section 8, see Section 
7. 

With this new characterization one can forget about the techniques of track cat- 
egories in the previous papers since the axioms (TTrl) and (TTr2) are completely 
encoded in the translation cohomology class V. The original definition in terms of 
track categories is the most convenient one to check that stable homotopy categories 
give rise to cohomologically triangulated categories. However the cohomological ap- 
proach will be more convenient for a further study of cohomologically triangulated 
categories, like their localizations, categories of diagrams over them, i-structures, 
monoidal structures, etc. 
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Key words and phrases: triangulated categories, pretriangulated categories, cohomology of cat- 
egories 
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Notation 

In this paper the arrow — ► is used for morphisms in ordinary categories, 1-cells in 
2-categories and functors. We use => for 2-cells in 2-categories and natural transfor- 
mations, and for pseudofunctors. Identity morphisms or 1-cells are denoted by 1, 
with the object as a subscript when necessary. For the identity 2-cells and natural 
transformations we use the symbol CP. Horizontal composition in 2-categories is de- 
noted by juxtaposition, as the composition law in ordinary categories, while we use 
the symbol □ for vertical composition. The vertical inverse of an invcrtiblc 2-cell or 
natural transformation a is a B . 



1 Translation categories 

A translation category (A, t) is a category A with a zero object * together with an 
endofunctor t: A — > A preserving the zero object *. Notice that (pre)triangulated 
categories yield examples of translation categories. 

It is well known that the category Cat of all small categories with zero object 
is a 2-category with zero-preserving functors as 1-cells and natural transformations 
as 2-cells. Small translation categories also form a 2-category TCat. A morphism 
(or 1-ccll) of translation categories (if, a): (A,t) — > (B,s) is a functor ip: A — > B 
preserving zero objects together with a natural isomorphism a : sp => ipt, i. e. the 
diagram 




commutes up to the natural isomorphism a. Composition of morphisms is defined by 

(ip,a)(i>,/3) = (ipip,(ipp)n(ai>)). 

A 2-cell 7: (<p,a) => (tp,/3) between two morphisms (ip,a), (ip, (3) : (A,t) — ► (B,s) in 
TCat is a natural transformation 7 : ip =$> ip such that 

/3D(s7) = (7t)Da. 

Vertical and horizontal composition of 2-cells in TCat are given by the corresponding 
composition laws between natural transformations in Cat. 

Ordinary categories C with zero object can be regarded as translation categories 
by using identity functors C = (C,lc). This defines an inclusion of the 2-category 
Cat into TCat. The 2-category TCat has products (A, t) x (B, s)=(AxB,ix s). 

Morphisms between translation categories and 2-cells between them are also de- 
fined for non-small translation categories exactly in the same way. 

We shall need the cohomology of translation categories, in particular, the coho- 
mology of a triangulated category. For this we recall first the concept of cohomology 
of categories, see [BW85]. 



2 Cohomology of categories 

Given a category C a C-bimodule D is a functor D: C op xC-t Ab where Ab is the 
category of abelian groups. We write /* = D(f, 1) and = D(l,g) for the induced 
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2 Cohomology of categories 



homomorphisms. The cohomology H*(C,D) of C with coefficients in D is defined 
by the cochain complex F*(C,D) concentrated in dimensions > 0. This complex is 
given in dimension n by the following product indexed by all sequences of morphisms 
of length niiiC, 

(2.1) F n (C,D)= J] D{X n ,X ). 

v CT 1 <?n v 
A ( 

Here we understand that a sequence of length is the identity morphism of an object 
X in C. The coordinate of c e F n (C,D) in X V- ■ ■ ■ & X n will be denoted by 
c(ai, . . . , On) S D(X n , Xo). The differential S is defined as 

(5(c)(CTi, . . . ,<T n+ i) = CTi * c(<7 2 , ... ,cr„+l) 

n 

+ ^(-l) i c(a 1 ,... 

i=l 

+ (-l)"+ 1 < +lC (<7 1 ,...,<7„) 

over an n-cochain c for n > 1, and S(c)(a) — a*c(X) — <j*c(Y) for n — and 
cr: X -> Y. 

In order H*(C, D) to be a set we assume that C is small, one can use this notation 
accordingly if C is small with respect to some fixed universe. 

This is a particular case of the Baues-Wirsching cohomology of C, see [BW85]. 
It also coincides with the Hochschild-Mitchell cohomology of the free ringoid ZC 
generated by the category C, see [Mit72]. 

A functor <p : D — > C and a natural transformation A : D => E induce the following 
cochain homomorphisms where X n is the source of er„ and X n is the target of o\ , 

cp* : F*(C, D) — > F*(D, D(<p, <p)), p*(c)(a u ...,a n ) = c(^(<7i), . . . , <p(o n ))\ 

(2.2) A* : F*(C, D) — > F*(C, E), A,(c)(tri, . . . , <r„) = A* n ,* (c^r , . . . , a n )); 
and the corresponding homomorphisms in cohomology, 

p*:ir(C,D)—>ff*(D, Dfop)), 

A* : i?*(C, D) — > H*(C, E). 

A cochain c £ F™(C, D) is said to be normalized (at identities) if c(<7i, . . . , cr„) = 
provided Uj is an identity morphism for some 1 < i < n. The inclusion of the 
subcomplex F*(C,D) c F*(C,D) of normalized cochains induces an isomorphism 
in cohomology, see [BD89]. Moreover, the induced cochain homomorphisms above 
restrict to normalized cochains. 

In this paper we are mainly interested in categories C with a zero object *. In 
this case morphism sets C(X, Y) in C are pointed by the zero morphisms 0x,y = 
: X — > * — > Y. Suppose that the C bimodule D vanishes whenever the zero object 
is in one side D(X, *) = = D(*,X). In this case we say that D is ^-normalized. A 
cochain c £ F n (C,D) is said to be ^-normalized (i. e. normalized at identities and 
zero morphisms) if c(«Ti, . . . , a n ) — provided o~i is an identity or a zero morphism 
for some 1 < % < n. If D is ^-normalized the inclusion of the subcomplex F*(C, D) C 
F*(C,D) of ^-normalized cochains also induces an isomorphism in cohomology, see 
[BD89] . Moreover, the induced cochain homomorphisms (p* and A* above restrict to 
^-normalized cochains when ip preserves the zero object and E is ^-normalized. 
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A natural transformation a : p => ip between functors tp, ip : D — > C induces a 
cochain homomorphism 

a*: F*(C,£>) — > F*(D,D( V , ^)) 

defined as 

a*(c)(o-i,- • • ,a n ) = ax »(c(<p(o-i), • • . ,<^(<r„))). 

This is F*(a!,0° ( ^ in [Mur04] 4.1. Here X is the target of a Y . The induced 
homomorphism in cohomology is denoted in the same way 

a*: £r(C,£>)— JT(D, £>(¥>, VO). 

Notice that the cochain homomorphism defined by an identity natural transformation 
0^ coincides with the cochain homomorphism defined by the corresponding 

functor, i. e. (0°)* = <^*. The natural transformation a: <p => ip also induces cochain 
homotopies given by degree —1 homomorphisms 

a# , a* : F*(C, D) — > F*(D, £>(p, V)), 

with 

(2.3) $a # + a # *=-(D(0° a)).p*+ a*, 

(2.4) <5a # + a # ( 5=-(i?(a,0^))^*+a*. 
They are defined by the following formulas 

n 

a # (c)(fTi, . . .,CT„) = ^(-l) J a Xost (c((^(CTi), . . . ,(^((7^,1^), V(<T i+ l), . . . , y((T„))), 
i=0 

n 

a # (c)(<ri, . . . ,<t„) = ^](-l) 4 c(^(cri), . . . , i>(ai),a Xi ,ip{(ri+i), ■ ■ .,<p(a n )). 
*=o 

Here X; is the source of ct, and/or the target of <7,+i. These homotopies are part of the 
2-functorial properties of the Baues- Wirsching complex F*(C, D) studied in [Mur04]. 
More precisely, a# and a # arc ft( n iCe ) and fy Q n) m [Mur04] 4.1, respectively. No- 
tice that these induced cochain homomorphisms and homotopies restrict always to 
the subcomplex of normalized cochains, and also to the subcomplcx of ^-normalized 
cochains if the functors (p and ip preserve the zero object. Moreover, as one can read- 
ily notice on the normalized cochain complex the formulas a# = 0, (0^)* = and 
a* = (D((P,a))*tp* hold, in particular by (2.3) and (2.4) wc have that 

(2.5) 5a* + a#S = -(D(a, 0^))*V* + (D(0° a)).p*. 

3 Translation cohomology 

Let (A,t) be a translation category in the sense of Section 1, Da *-normalized A- 
bimodulc and t: D =>■ D(t,t) a natural transformation. Then the pair (t, t) is termed 
a translation on (A, D), see [III] 6. The translation cohomology H*(t,t) of (t,t), 
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introduced in [III], is the cohomology of the cochain complex F(t,t) which is the 
homotopy fiber of the cochain homomorphism 

*„-**: F*(A, D) — ► F*(A, D{t, t)). 

We will sometimes refer to the translation cohomology H*{t,t) as the translation 
cohomology of the translation category (A, t) with coefficients in the natural trans- 
formation t. In dimension n this homotopy fiber is 

F n (t,i) = F n (A,D)®F n - 1 (A,D(t,t)) 

and the differential is the matrix 

5 

U - 1* -S 

In particular there is a long exact sequence (n 6 Z) 

(3.1) ► H n (t,t) -i H n (A,D) **-^X H n (A,D(t,t)) H n+1 (t,t) 

Given a morphism (<p, a) : (B, s) — ► (A, t) in TCat there is an induced translation 
(s, (ip, a)*t) on (B, D(ip, ip)) with 

(3.2) (¥>,«)** = (£>(a H , <*))□(*><* x p)), 
and an induced cochain homomorphism 

foa)*: F*(t,t) —►#*(*,(¥>,<*)*«) 

given by the matrix 



LP* 

(D(a H ,0°)).a# (£>(a H ,a)),^ 



Here we use (2.5). The induced homomorphisms in translation cohomology will be 
denoted in the same way 

foa)*: H*(t,t)^H*(s,(<p,a)*t). 

Similarly two natural transformations A: D =>• E and s: E =4> E(t,t) between *- 
normalized A-bimodules on A such that (X(t op x t))Dt = sOX give rise to a translation 
(t, s) on (A, E) together with a cochain homomorphism 

K:F*(t,t) -^F*(t,s) 

given by the matrix 



(3.3) A, = 



A, 
(\{t°P x t)), 



The corresponding homomorphism in translation cohomology will also be denoted by 

A*: H*(t,t) — > H*(t,s). 

These homomorphisms can be used to describe the simple version of the functorial 
properties of translation cohomology, see [III] 6.2. 
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Two morphisms (<p, a), (3) : (B, s) — ► (A, t) in TCat also induce a translation 
{s,[(<p,a),(i;,P)]*t) on (B,Z%,V0) given by 

(3.4) [{<p,a),U>,l3)]'i= (D(a B ,(3))n(t(<p°i> x ^)). 
Notice that 

(3.5) [(<p,a),{<p,a)]*i=(<p,a)*i. 

In [III] we consider cochains which are only normalized with respect to identities 
since we are not considering categories with zero objects there. More precisely, in the 
cited paper we define the translation cochain complex F(t, t) as the homotopy fiber 
of 

U-t*\ F*(A,D) — ►F*(A,£>(t,t))- 

Clearly F*(t,t) C F*(t,t) and this inclusion induces isomorphisms in all cohomology 
groups. This follows from the exact sequence (3.1), the five lemma, and the fact 
that the inclusion of the subcomplexes of normalized and ^-normalized cochains in 
ordinary cohomology of categories induce isomorphisms in cohomology, see Section 2. 

Remark 3.6. As we pointed out in [III] 6.6 the translation cochain complex is not 
a functor itself since, in general, composition of induced cochain homomorphisms is 
only associative up to cochain homotopy, compare with the proof of [III] 6.4. However 
it is immediate to notice by using (2.2) and (3.3) that once we fix a translation 
category (A, t) then F(t, — ) is a functor on the category whose objects are natural 
transformations of A-bimodulcs t : D => D(t 1 t), and morphisms A : i — > s with s: E => 
E(t,t) are natural transformations A: D E with (X(t op x t))Di = sDX. The *- 
normalized translation cochain complex F(t,—) is also a functor if we restrict to 
^-normalized A-bimodulcs. 



4 The cohomology of the triangle category 

The triangle translation category (A, sh 3 ) is a universal model of candidate triangles 
in triangulated categories. The set of objects of A is Z U {*}, * is the zero object of 
A and the unique morphisms apart from identities and zeroes are (n G Z) 

i = i n '- n—1 — > n, 

in particular v 2 = 0. The zero-object-preserving functor (shift functor) 

sh: A — > A 

is defined by sh(n) — n + 1 and sh(i n ) = i n +i- This is actually an isomorphism of 
categories and sh 3 denotes its third power. 

Let A be a category with zero object. A functor X : A — > A preserving the zero 
object coincides with a cochain complex in A, i. e. a diagram (n G Z) 

Xd v ^ y 
n-1 y y -A-n+1 —>■■■■ 

with d 2 = 0. We write X n = X(n) for the values of X on objects in A and d — d n — 
= X(i n ) for the morphisms induced by the non-trivial morphisms in the category 

A. 



122 



4 The cohomology of the triangle category 



Let (A, t) be a translation category. A candidate triangle (X, a) in (A, t) is a 
cochain complex X in A 



X 



n-l 



x. n 



X 



n+1 



together with a degree 3 cochain isomorphism a: tX = X, i. e. 
diagram 

• • • ► tX n > tX n+ i ■ 



a commutative 



-4 



n+3 ' 



+4 



Morphisms of candidate triangles / : (X, a) — ► (V, /3) are cochain homomorphisms 
/ : X -► y such that /?(*/) = fa. 

Let Cand(A, i) be the category of candidate triangles. If A is additive and t is an 
additive equivalence then Cand(A, t) is equivalent to the category of small candidate 
triangles cand(A,t) as defined in [IV] 1, compare [I]. Recall that an object in this 
category is a diagram in A of the form 



A 



f 



such that if = 0, qi = and (tf)q 
triangles is a commutative diagram 



B C -=U tA 

= 0. A morphism k between small candidate 



-> B 



+ tA 



feo 


fcl 


k 2 




- z , , 


=. 9 , - 



ifc 



A > B ► C >■ iyl 

There is an equivalence of categories, 

(4.1) Cand(A, t) — > cand(A, t) 
sending a candidate triangle (X, a) to the small candidate triangle 

V d - 1 Y do Y a = ^ dl + Y 
A_2 ' A_i > A(] > tA_2- 

In order to construct the inverse equivalence 

(4.2) cand(A, t) — > Cand(A, t) 

we need to choose an inverse equivalence t^ 1 : A — > A for t and a natural isomorphism 
/i: = 1a- With these choices the equivalence (4.2) sends a small candidate 

triangle A B A C tA to the candidate triangle (X, a) with X^ n — t n C, 
X 3n+1 - t n+1 A, X 3n+2 = t n+1 B, d 3n = t n i, d 3n+1 - t n q and d 3n+2 = t n +\f for all 
n G Z, a n = ltx n if n > —2, and a„ = /ix„ +3 for n < —2. 

Notice that a candidate triangle (X, a) as above is the same as a morphism of 
translation categories (X, a) : (A,sh 3 ) — ► (A,i) in the sense of Section 1. Moreover, 
the category Cand(A, t) of candidate triangles on (A, t) coincides with the category 
given by morphisms from (A, sh 3 ) to (A, t) and 2-cells between them in the 2-category 
TCat defined in Section 1, 



Cand(A, t) = TCat((A, sh 3 ), (A, t)). 
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The translation cohomology of the triangle translation category (A, sh 3 ) is rele- 
vant in this paper. Below we identify its translation cochain complex. For this we 
begin by considering the cohomology of the category A. 

Let D be a ^-normalized A-bimodule. The reader can readily notice that there is 
an isomorphism 

(4.3) F n (A, D) S J| D(m, to + n), 

mez 

which we use as an identification, where the m th factor of the product corresponds to 
the sequence 

m + n < — • • • < — m. 
If we write c(m) for the m th coordinate of an n-cochain c in the product (4.3) then 

(<S(c))(m) = i ro+n+u c(m) + {-l) n+ h* m+1 c(m + 1). 

The identification in (4.3) is clearly natural in D, in particular, given a natural trans- 
formation F: D =>■ D(sh 3 , sh 3 ) there is an identification 

(4.4) F n (sh 3 , t}= Yl D ( m ' m + n)® ]J D(m + 3, m + n + 2) 
for n > and 

(4.5) F°(sh 3 ,F) ^ Yl D(m,m). 

The translation differential is given by 

(S(c, b)){m) = (i m+n+u c(m) + (-l)"+\*„ +1 c(m + 1), 

i( m ,m+n)c(m) - c(m + 3) - i m+n ^b{m) - {-l) n i* m+1 b(m + 1)) 

for an n-cochain (c, 6) with n > 0, and 

(8c)(m) = (i m+u c(m) - i* m+1 c(m + 1), F (m>ro) c(m) - c(m + 3)) 

for a 0-cochain c. These identifications in the translation cochain complex are natural 
in F, see Remark 3.6. 

Lemma 4.6. If t is a natural isomorphism then the cochain homomorphism F* — 
sh 3 *: F*(A,D) F*(A,D(sh 3 ,sh 3 )) is surjective. 

Proof. Actually there are levelwise sections lo: F n (A, D(sh 3 , sh 3 )) — ► F n (A, D) (n e 
Z) defined as follows (to e Z, < i < 2) 

f -E7=i^'(«(3(j-l)-*)), ifm>0; 
w(a)(3m- i) = < 0, if to = 0; 

I E5=m+i i ro " j («(3(i - 1) - 0). if m < 0. 

The reader can easily check that (F* — s/i 3 *)oj = 1. Notice however that u> does not 
define a cochain homomorphism. □ 
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Consider now the cochain complex G* (t) defined by 

G n {t) = D(-2, n - 2) e D(-l, n - 1) 8 D(0, n), 

with differential 

/ *n-l* (-1)" +1 **1 

<y= o (-i) n+1 *o 

V (-l)" +1 i!t(0,n) t„ +1 , 

on dimension n. 

Proposition 4.7. If t is a natural isomorphism then the cohomology of G*(t) is 
isomorphic to the translation cohomology H*(sh 3 ,t). 

Proof. By Lemma 4.6 we can replace the homotopy fiber of the cochain homomor- 
phism t* — sh 3 * by its kernel Ker[t» — sh 3 *]. More precisely, the obvious inclusion 

Kei[U -sh 3 *} cF*(sh 3 ,t) 

induces isomorphisms in all cohomology groups. The reader can easily check that the 
cochain homomorphism 

K:G*(t)-^F*(A,D) 

defined by k(c__ 2 , c_i, Co)(3m — i) = t m (a) (m e Z, < i < 2) is actually a kernel for 
t* — sft. 3 hence the proposition follows. □ 

Remark 4.8. Notice that in fact we have established an explicit quasi-isomorphism in 
the proof of Proposition 4.7 

v = (k,0): G*(t) — > F*{sh 3 ,t). 

Moreover, the cochain complexes G* define a functor on the category of natural 
transformations i: D D(sh 3 , sh 3 ) between ^-normalized A-bimodules, the same 
as F*(sh 3 ,—), see Remark 3.6. Recall that morphisms A: t — > s between natural 
transformations t: D =>■ D(sh 3 ,sh 3 ) and s: E ^ E(sh 3 , sh 3 ) in this category are 
natural transformations \ : D ^> E such that 

(A(s/i 3 ° p x sh 3 )pt = sDA. 

The induced homomorphism 

K:G*(t)^G*{s) 
in dimension n is given by the matrix 

/ \-2.n-2) \ 

A* = \-l,n-l) 

V A (0 ,„) / 

Therefore the quasi-isomorphism u and hence the isomorphism in Proposition 4.7 are 
natural in t. 

Unfortunately v in Remark 4.8 is not a chain homotopy equivalence, so we have 
not a direct way of representing a cocycle in F*(sh 3 ,t) by a cocycle coming from 
G* (t) . The following lemma solves this problem. 
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Lemma 4.9. Ift:D=> D(sh 3 ,sh 3 ) is a natural isomorphism between ^-normalized 
A-bimodules and (c,b) E F n (sh 3 ,t) is a cocycle then 

(c(-2), c(-l), c(0) - D(i u l„)6(-2)) e G n (i) 

is a cocycle whose image by v in Remark 4-8 represents the same cohomology class as 
(c,b). 

Proof. With the notation of the proof of Lemma 4.6 it is easy to check that 

u(c(-2), c(-l), c(0) - D( tl) l„)&(-2)) = (c, 6) - %(&),()), 

hence this lemma follows. □ 

We now consider a special example of a natural transformation as in Proposition 
4.7. Suppose that (A, t) is a translation category given by an additive category A 
and an additive equivalence of categories t : A — > A. We then have the abclian group 
HoniA(l, Y) of morphisms in A. Let Horn* be the A-bimodule defined by t in A as 
follows 

(4.10) Horn* = Hom A (*,-), 
and let 

(4.11) t: Horn* = Hom A (f, -) => Hom A (t 2 ,i) = Hom*(t,t) 

be given by (— l)t. By (3.4) a candidate triangle (X, a) in (A, t) yields a natural 
transformation (X, a)*t which can be used as a coefficient object for the computation 
of translation cohomology groups of (A, sh 3 ). The 3-dimensional abelian group of the 
cochain complex G*((X,a)*t) is 

G 3 ((X,a)*t) = Horn A (t X_ 2 , X 1 ) 8 Hom A (tX_ i , X 2 ) Hom A (t-Xb , X 3 ) . 

There is a canonical element in this abelian group determined by the cochain isomor- 
phism a, namely 

(ot-2, — a_i, «o) £ G 3 ((X, a)*t). 
Lemma 4.12. The 3-cochain (cn_2, — exo) is indeed a cocycle. 

The cohomology class represented by this cochain will be denoted by 
(4.13) id(X, a) e H 3 (sh 3 , (X, a)*t) 

and will be called the class of identities. 

Remark 4.14. If (X, a) is the candidate triangle corresponding to the small candidate 
triangle 

A B -U C * A 

under the equivalence (4.2) then the cochain complex G*((X, is given as follows 
(n > 0) 

' HomA(M,rA)®HomA(iS,rS)©Hom A (*C,rC), if z = 0; 

G 3 " +i ((A-,a)*f) = i HomA(tA,rB)eHomA(tB,rC*)ffiHom A (tC,r +1 A), if i = 1; 

Hom A (tA,i n C) ®Rom A {tB,t n+1 A) Hom A (tC*, t n+1 B), if i = 2. 
Moreover, the class of identities id(X, a) is represented by the 3-cocycle 

(l tA ,-l tB ,l tc ) eG 3 ((X,a)*f). 
For this reason it is called class of identities. 
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We will use later another cocycle representing the class of identities given in the 
following lemma. 

Lemma 4.15. The cochainb = (h,0) e F(sh 3 ,(X 7 a)*t) defined by 61 (m) = (-l) m a r 
is a cocycle representing the class of identities. 

Proof. We defined id(X, a) as the cohomology class represented by (a_2, — a>o) e 
G 3 ((A, a)t). The quasi-isomorphism 

v. G*((X,a)*t) — > F*(sh 3 ,(X,a)*t) 

in Remark 4.8 sends (u-2, — ot-i, ao) to the cochain 

v(a ,-a 1 ,a 2 ) = (c,0) e F 3 {sh 3 1 (X,a)*F) = J[ Hom A (tA m , X m+3 ) 

ffi J| Uom A (tX m+3 , X m+5 ) 

defined as c(3m - i) = {{X, a)*?)™ ((-Vf cti) for all m 6 Z and < i < 2. We check 
by induction on m that c(3m — i) = (—l) 3m ~ l a 3m -i. This is obvious for m = 0. If it 
is true for m then 

c(3(m+l)-i) = ((X,a)*i) m+1 ((-ir ai ) 

= {{X, a)*t)( 3m _ ii3m _ i+3) (c(3m - i)) 

= ((^, a )*f)(3)n-i,3(m+l)-j) ((-l) 3m_4 Ck3 m _j) 
I 1 \3(m+l)— i„ 

= (-1) a 3 ( m+ i)_i. 

□ 

A small candidate triangle is said to be ^-trivial if it has one of the following 
forms: 



A 




— > * - 


— > tA, 


A - 


— > * - 


->tA 


^AtA, 


* 


— >A 


A 





Notice that these are exactly those triangles which are required to be exact in any 
(pre)triangulated category. Analogously a candidate triangle (A, a) is *-trivial if there 
exists i G Z/3 such that c?„+i : X n — > A n+ i is an identity morphism and X n+2 = * 
provided n = i mod 3. The functors (4.1) and (4.2) preserve ^-trivial objects. 

Lemma 4.16. If(X,a) is a ^-trivial candidate triangle then H n (sh 3 ,(X,a)*t) = 
for all n>0. 

This lemma is a consequence of the property of the class of identities stated in the 
following lemma. Recall that a cochain complex A in A is contractible if there are 
morphisms hi: Xi — > Aj_i such that lx l = +dihi for all i € Z. A candidate 

triangle (A, a) is said to be contractible if A is contractible and the morphisms hi 
can be chosen in such a way that on-i(thi) = hi+ 3 on for all i € Z. The ^-trivial 
candidate triangles are the most basic examples of contractible candidate triangles. 
The reader can easily check that under the equivalences of categories in (4.1) and (4.2) 
contractible candidate triangles correspond to small contractible candidate triangles 
in the sense of [Nee90] 1.5. 
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Lemma 4.17. Let (X, a) be a candidate triangle. The following statements are equiv- 
alent: 

1. id(X,a) = 0, 

2. (X, a) is contractible, 

3. X is contractible, 

4- X sh n is contractible for all n G Z, 

5. H*(A, D(X, -)) = for any functor D: A op x A — > Ab additive in the first 
variable and such that £>(—,*) = 0, 

6. H*(A,D(—,X)) = for any functor D: A xA — > Ab additive in the second 
variable and such that £>(*, — ) = 0, 

7. H*(sh 3 , [(X, a), (Y, (3)]*s) — for any natural transformation s: D =>- D{t,t) 
with D a biadditive A-bimodule and any candidate triangle (Y,[3), 

8. H*(sh 3 , [(y, f3), (X, a)]*s) = for any natural transformation s: D D(t,t) 
with D a biadditive A-bimodule and any candidate triangle (Y,f3), 

9. H*(sh 3 , (X,a)*s) — for any natural transformation s: D ^ D(t,t) with D a 
biadditive A-bimodule. 

Proof. Obviously (2) (3), (4) (3), (7) => (9), (8) (9) and (9) => (1) 
are trivial. It is elementary to check (3) (4). If X is contractible and D is 
as in (5) then the cochain complex of abelian groups F*(A,D(X,—)) is also con- 
tractile. The contraction is given by the homomorphisms hi: F l (A, D(X, — )) — ► 
F i ~ 1 (A, D(X, — )) denned by (hi(c))(m) = (-iyh* m (c(m-l)). This proves (3) => (5). 
Similarly if X is contractible and D is as in (6) the cochain complex of abelian groups 
F*(A, D{— , X)) is also contractile and contraction is given by the homomorphisms 
h: F\A,D{-,X)) - J F 4 - 1 (A,i?(-,X)) defined by {k{c)){m) = h m+l Jc(m)). 
This proves (3) => (6). Since we have already showed (3) 44> (4) and (3) =4- (5) 
(resp. (3) (6)) the exact sequence (3.1) proves that (5) =4- (7) (resp. (6) => (8)). 

Suppose now that id(X, a) = 0. By Lemma 4.15 we see that there are morphisms 
ki : tXi — ► X i+2 such that 

(a) d i+3 ki - k i+1 (td i+1 ) = (-lfai, 

(b) -ai +2 (tfci)(to^ 1 ) - k i+3 = 
for all i e Z. Let us check that the morphisms 

h i = (-l)%- 3 a^ 3 :X i ^X i _ 1 
determine a contraction of (X, a). On one hand 

cti-^thi) = a 4 _i(-l) 4 (tfc 4 _ 3 )(tar 1 3 ) 

( = } -i-iYh 

= h i+3 ai, 
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and on the other hand 



hi+idi+i + dihi = (-l) J+1 fc l _ 2 aj_ 1 2^+i + d l (-l) l k i ^a 



i-3 

(-l) J (-/ci_2(^i-2) + diki- 3 )ar} 3 

(-iy(-iya^ 3 a-_\ 

= 1^. 



(a) 



Here in the second equality we use that a is a cochain homomorphism. This proves 
(1) =^> (2). Hence the proof of this lemma is finished. □ 

The implication (2) =>■ (9) should be compared, after Section 5, to the fact that 
contractible small candidate triangles are exact in all triangulated categories, see 
[Nee90] 1.6. 



5 V-Triangles 

Here we obtain a purely cohomological characterization of small V-triangles defined 
in [IV] 2.13 (Proposition 5.7). 

Remark 5.1. Small V-triangles determine the "underlying" ordinary (pre)triangulated 
structure of a cohomologically (pre)triangulated category in the sense of [IV] 2.16, 
see [IV] 2.17. They are defined in [IV] 2.13 by using the main result in [III], which 
says that 3-dimcnsional translation cohomology classes are represented by translation 
track categories. We already know by [IV] 2.12 that nevertheless the class of small 
V-triangles is independent of the choice of a translation track category representing 
V. However the proof of [IV] 2.12 is still track-theoretical. 

In this section (A, t) will be a translation category given by an additive category 
A and an additive equivalence t. Let Horn* = HomA(i, — ) be the A-bimodule de- 
fined in (4.10) and i: Horn* = Hom A (t, -) => Hom A (t 2 ,t) = Hom*(i,i) the natural 
transformation in (4.11) given by (— l)t. The translation cohomology of (t,t) will be 
denoted in this paper by 

(5.2) H*(A,t) = H*(t,t). 

Given two candidate triangles (X, a) and (Y, (3) in the sense of Section 4 the 
translation cohomology groups (n G Z) 

H n (sh 3 ,[(X,a),(Y,f3)]*t) 

are defined by (3.4). This actually defines a Cand(A, i)-bimodule 

(5.3) H n (sh 3 , [-,-]**), 
more precisely, given a diagram in Cand(A, t) 

the induced morphisms and /* are defined by 

= Horn* ( X, g) » : H n (sh 3 , [(V, a) , ( V, (3)} *t) — > H n (sh 3 , [(V, a) , (Z, 7 )]*t), 
/* =Hom t (/, Z),: H n (sh 3 ,[(X,a),(Z, 7 )]*t) ^ H n (sh 3 ,[(Y, p), (Z, 7 )]*i). 
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Notice that by (3.5) 

H n (sh 3 , [(X, a), (X, a)]*t) = H n (sh 3 , (X, a)*t), 

therefore the classes of identities in (4.13) define a 0-cochain of the category Cand(A, t) 
with coefficients in H 3 (sh 3 , [— , —]*t). 

Lemma 5.4. The classes of identities defined in (4-13) yield a cohomology class 

id G H°(Cand(A,t),H 3 (sh 3 , [-, -]*t)). 

This follows from Lemma 8.16. 

Let us fix a translation cohomology class 

V G H 3 (A,t). 

Lemma 5.5. The translation cohomology class V yields a cohomology class 

V G iJ°(Cand(A, t),H 3 (sh 3 , [-, -}*t)) 
defined over any candidate triangle (X, a) by the formula 

V{X, a) = {X, a)* V G H 3 {sh 3 , (X, a)*t). 
This follows from Lemma 8.12. 

A V -triangle is a candidate triangle (X, a) in (A, t) which is annihilated by the 
cohomology class 

id + V G #°(Cand(A, t),H 3 (sh 3 , [-, -}*t)), 
or equivalently, (X, a) satisfies the equation 
(5.6) = id(X,a) + {X,a)*W G H 3 (sh 3 ,(X,a)*t). 

Proposition 5.7. Small V -triangles are small candidate triangles corresponding to 
V -triangles by the equivalence of categories (4-2). 

The proof of this proposition is in Section 10. 

This result allows to prove the following proposition, which completes the proof 
of the main theorem in [IV]. 

Proposition 5.8. Let (A, t) be a translation category where A is additive and t is an 
additive equivalence and let V be a translation cohomology class in H 3 (A,t). Then 
the class £ v of small V -triangles is defined and (A,t,£y) satisfies the axioms (TrO), 
(Tr2) and (TrS) in the definition of a pretriangulated category, see [IV] 1.1. 

Proof. Let us prove the first part of (TrO). For this we consider an isomorphism of 
candidate triangles / : (X, a) — > (Y, (3) . Since id + V is a 0-dimensional cohomology 
class we have that 

Mid(X,a) + (X,a)*V) = /*(id(y,/3) + (Y,(3)*V) E H 3 (sh 3 , [(X,a),(Y,(3)]*i), 

but /» and /* are isomorphisms since / is already an isomorphism, therefore id(X, a) + 
(X, a)*V vanishes if and only if id(y, [3)+(Y, /3)*V vanishes, i. e. (X, a) is a V-trianglc 
if and only if (Y, (3) is a V-triangle. The second part follows from Lemma 4.16. Axiom 
(Tr2) follows from Proposition 9.1 in Section 9. And finally (Tr3) is a consequence of 
Proposition [IV] 4.18, as we already pointed out in the proof of [IV] 2.17. □ 
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6 Algebraic homotopy pairs and cohomologically tri- 
angulated categories 

Suppose that A is an additive category, t : A — ^ A is an additive equivalence and V £ 
H 3 (A, t). The homomorphism j in the exact sequence (3.1) determines a cohomology 
class 

jV G ff 3 (A,Hom'). 

Recall that the objects of the additive category Pair(A) of pairs in A are the 
morphisms in A, and morphisms (h, k): f — > g are commutative squares 



/ a 

The Pair(A)-bimodule (Horn*)* is defined by 

(Hbm*)#(/, fl ) = Hom A (L4, £>)/(<?* Rom A (tA,C) + (tf)* Rom A (tB,D)). 

There are natural homomorphisms 

A: i7 Il+1 (A,Hom t ) — > F n (Pair(A), (Hom*) # ), n > 0, 

defined in [Bau97]. These homomorphisms can also be obtained from the Kiinneth 
spectral sequence for cohomology of categories in Corollary 8.2, see Remark 8.3. In 
particular we can consider the cohomology class 

AjV G ff 2 (Pair(A), (Hom')#). 

This class will be called the characteristic class of algebraic homotopy pairs. It cor- 
responds to a well-defined isomorphism class of linear extensions of the category 
Pair(A) by (Horn*)*, see [Bau89] IV. 6. Any 2-cocycle N representing AjV deter- 
mines such a linear extension 

(6.1) (Hom*) # -±+ AHp(H) Pair(A). 

Here AHp(N) is the category of algebraic homotopy pairs associated to the cocycle 
H. It has the same objects as Pair(A) and morphisms (h, k,a): f — > g are given by 
a morphism (h,k): f — ► g in Pair(A) together with an element a e (Hom*)*(/, g). 
Composition is defined by the following formula 

(h, k, a)(h, k, a) = (hh, kk, (h, k)*a + (h, k)*a - k), (h, fc))). 

The functor p is the identity on objects and p(h, k, a) = (h, k). The category AHp(H) 
is well defined by Xj V up to isomorphism over Pair(A) equivariant with respect to 
the action of (Horn*)* in the third coordinate of morphisms, see [Bau89] IV. 3. 4. 

By [BHP97] 6.2 we have that AHp(H) has a unique additive category structure 
such that p is an additive functor and 

(6.2) (Hom*) # (/,.g) ^ Hom AHp (N) (/, 9) ^ Hom Pair(A) (/, g) 

is a short exact sequence of abelian groups where the first homomorphism is defined 
by &^ (0,0,6). 
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There is a full additive inclusion 

l: A 



AHp(H) 



given by l(A) : * — > A. In particular for any morphism / : A 
consider the algebraic cone functor 



B in A we can 



(6.3) 



Conef e = Hom AH p(N)(/, t) : A — ► Ab. 



Recall that an A-module is just an additive functor A — ► Ab, therefore algebraic 
cone functors are A-modulcs. Morphisms between A-modules are natural transfor- 
mations and the category of A- modules is designated by mod(A). There is a Yoneda 
full inclusion A op C mod(A) sending an object A to the A-module Hom A (j4, — ). 
Algebraic cone functors determine an additive functor 



(6.4) 



Cone Ms : AHp(K) op — ► mod(A) 



B in A there is an exact 



in the obvious way. 

The exactness of (6.2) implies that for any /: A 
sequence of A-modules 
(6.5) 

Hom A (tB, -) ^ HomA (tA, -) Conef s -X Hom A (B, -) -A Hom A (A, -). 

This exact sequence is natural in the category of algebraic homotopy pairs, i. e. for 
any morphism (h, k, a) : f — > / in AHp(K) the following diagram commutes 
(6.6) 



Horn A (tB, -) 

(tky 

Hom A (i5, -) 



(t/)* 



> Hom A (L4, -) — ^ Conef 5 — f —> Hom A (B, -) 

(h,k,a)* 



r 



(*/) 



^ Hom A (L4, -) 



4 ConeJ lg 



fe* 



+ Hom A (A, 



-> Hom A (B, -) — :— Hom A (A, 



Let AHp rep (H) C AHp(H) be the full subcategory whose objects are morphisms 
/ in A such that the associated algebraic cone functor Cone^ lg is representable. For 
each object / in AHp rep (H) we choose an A-module isomorphism 

(6.7) X f- Hom A (C f ,-)^ Conef*. 
A particular choice determines a functor 

C: AHp rep (H) — ► A, / C f , 

such that the restriction to AHp rep (K) of Cone Alg in (6.4) factors up the natural 
equivalence \ as 

AHp rep (K) op °Z A op C mod(A). 
By using C we can define a functor 

(6.8) C= AHp rep (K) — » cand(A, t) 

as follows: given an object /: A — > B in AHp rep (K) the small candidate triangle ((f) 
is given by 



A 



f 



B^C f 



is 



tA 
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where if and q/ are determined by the A-module morphisms if and qf in (6.5), 
respectively, the isomorphism \f m (6-7) and Yoneda's lemma; and given a morphism 
(h, k, a) : f — ► / in AHp rep (H) then ((h, k, a) is the following commutative diagram 




This diagram commutes by (6.6). The functor £ does not depend on the different 
choices made for its definition, up to natural equivalence. 

In [IV] 4.22 we defined a linear action of the Pair(A)-bimodule 

Hom mod ( AoP )(Kcrt, Coker) 

on the obvious forgetful functor 

cand(A, t) — > Pair(A) 

defined in [IV] 4.15. Moreover, in [IV] 4.23 we define a natural transformation 

E: (Hom') # =>■ Hom mod ( AoP )(Kert, Coker). 

This natural transformation is compatible with the functor ( in the following sense. 

Proposition 6.9. Given a morphism (h,k,a): f — > f in AHp rep (H) and a E 

(W)#(p(/),p(/)) then 

C((h,k,a) + a) = £(h, k, a) + S w/)i p (/ - )) (a). 

This proposition follows by the same kind of arguments as in the proof of [IV] 
4.24. 

We also defined in [IV] 4.20 a natural transformation 

w: H\sh 3 ,[-,-}*i) => (Hom*)%,?). 

We can use this natural transformation to define the following natural equivalence 
relation in AHp(H): two morphisms (h, k, a), (h, k,a): f —> f in AHp(H) are equiv- 
alent if (h, k, a) + vj(b) = (h, k, a) for some b E ^(sh 3 , [((/), C(/)]**)- The quotient 
category will be denoted by 

AHp(H)/(tn,C). 

Moreover, we denote 

AHp^KVKC) 

to the full subcategory of the quotient whose objects are the morphisms / in A with 
representable associated algebraic cone functor. 

By Proposition 6.9 and the first part of [IV] 4.25 the functor C, factors through 
this quotient category 

(6.10) C AHp rep (H) ^> AHp rep (K)/(w, C) X cand(A,t). 

Here the first functor is the projection onto the quotient category and ( is uniquely 
determined by this factorization. 

The following theorem is one of the main results of this paper. 
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Theorem 6.11. Let A be an additive category, t: A — > A an additive equivalence 
and V G H 3 (A, t). Then (A, t, V) is cohomologically pretriangulated if and only if all 
algebraic cone functors defined in (6.3) are representable and, using the equivalence 
of categories in (4-2) as an identification, the pull-back of the cohomology class id + V 
in Section 5 by the functor ( in (6.10) vanishes 

= C* (id + V) e i?°(AHp(N)/( ro , (),H 3 (sh 3 , [(, (}*tj). 

The proof of this result will be given in Section 10. 

Remark 6.12. At a first glance the vanishing condition in Theorem 6.11 seems to 
depend on the choice of the cocycle H representing AjV and the representations \f 
in (6.7) used in the definition of the functor (: AHp(N) — > cand(A,t). However 
it is easy to check that if H is another cocycle representing XjV and £ : AHp(H) — > 
cand(A,i) is defined as ( then for any isomorphism of linear extensions 

(Hom*)# AHp(N) ► Pair(A) 

(Hom*) # AHp(H) > Pair(A) 

the isomorphism of categories in the middle induces isomorphisms between the alge- 
braic cone functors given by H and therefore the first ones are representable if and 
only if the second ones are. Moreover, the diagram 

AHp rep (K) 




cand(A, t) 




AHp rep (K) 

commutes up to natural equivalence. This second diagram induces another one 

AH P '' ep (H)/(n7,C) 




AHp^(H)/(n7,0 

which is also commutative up to equivalence. If algebraic cone functors are repre- 
sentable the behavior of cohomology of categories with respect to natural transforma- 
tions, see [Mur04] 4.3, implies that the cohomology groups where the classes C*(id+V) 
and £* (id + V) live are isomorphic under an isomorphism carrying one of these classes 
to the other, therefore 

C* (id + V) = ^ |* (id + V) = 0, 
so the vanishing condition in Theorem 6.11 is independent of all choices. 
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Suppose now that (A, t, V) is cohomologically pretriangulated. By Theorem 6.11 
and Proposition 5.7 the functor ( in (6.10) takes values in small V-triangles 

C: AHp(N)/(a7,C) — ► cand(V). 

By [Bau89] IV. 4. 10 (e) the exact sequence for a functor constructed in [IV] 3.1 
gives rise to a well-defined cohomology class 

(6.13) 6» v G i/ 1 (cand(V), H 2 (sh 3 , [i\r, i^]*t)). 

Here iy. cand(V) C cand(A, t) is the inclusion of the full subcategory of small 
V-triangles. 

The following theorem is also a main result in this paper. 

Theorem 6.14. Let (A, t, V) be a cohomologically pretriangulated category. Then it 
is cohomologically triangulated if and only if 

= C*0v G i/ 1 (AHp(K)/( ro , Q,H 2 (sh\ [ivC, ivC]**)). 
The proof of this theorem will be given in Section 10. 

As in the case of small V-triangles, the original definition of $v is based on the 
fact that 3-dimensional translation cohomology classes are represented by translation 
track categories. Nevertheless, as we did with small V-triangles in Section 5, in the 
next section we give a purely cohomological procedure to obtain #v from V by using 
a spectral sequence. 

Remark 6.12 also applies to Theorem 6.14 with the appropriate modifications. 

7 The main spectral sequence 

Cohomologically triangulated categories (A, t, V) were defined in [IV] by using the 
representability of 3-dimensional translation cohomology classes by translation track 
categories. By means of the classes of identities in Section 4 we were able to show in 
Proposition 5.7 that small V-triangles (the exact triangles of cohomologically triangu- 
lated categories) can be obtained from V by purely cohomological methods. Theorem 
6.14 characterizes cohomologically triangulated categories in strictly cohomological 
terms by using a 1-dimensional cohomology class 0y. This class is obtained from an 
exact sequence for functors in [IV] 3.1 encoding the obstruction theory for the cate- 
gory of track triangles associated to a good translation track category representing V. 
However the reader may be missing a more intrinsical approach to cohomologically 
triangulated categories, let us say a construction of #v from V by using only tech- 
niques from cohomology of categories. We address this issue in this section, which 
is mainly expository. The most of the proofs and the technical constructions appear 
in the next one. As a consequence of these results we give a new characterization of 
cohomologically (pre)triangulated categories in terms of the filtration associated to 
the spectral sequences constructed in the next section. This will be the main result 
of this paper. 

In the next section we construct some spectral sequences for the computation of 
the (translation) cohomology of products. There we also define for any translation 
category (A, t) with A additive and t an additive equivalence a canonical translation 
cohomology class 

Id G # 3 (lcand(A,t) X sh 3 , [-, -}*t), 

which we call the global class of identities , see (8.15). 
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Fixed a translation cohomology class 

V e H 3 (A,t) 

in this section we show how the spectral sequences in Section 8 together with V 
and the global class of identities determine the cohomology classes id + V and #v 
which define V-triangles and are used to detect when (A, t, V) is a cohomologically 
(pre)triangulated category, see Theorems 6.11 and 6.14. 

In Remark 8.9 we define an "evaluation" translation category morphism 

(ev,e): Cand(A,t) x (A,sh 3 ) — > (A,t). 

As we explain in that remark the pull-back of i in (4.11) along (ev, e) is denoted by 

(ev,e)*t = [-,-}% 

since it is given by the natural transformations between A-bimodules defined by (3.4). 
This "evaluation" morphism can be used to pull back the translation cohomology class 

V to the same cohomology group where the global class of identities lives 

(ev, e)*V G # 3 (l C a„d(A,t) x sh 3 , [-, 
The following theorem is the main result of this paper. 

Theorem 7.1. Let A be an additive category, t: A — > A an additive equivalence and 

V G H 3 (A,t). Then (A, t, V) is cohomologically triangulated (resp. pretriangulated) 
if and only if all algebraic cone functors defined in (6.3) are representable and the 
cohomology class 

(C x 1 A )* (Id + (ev, e)*V) 6 tf 3 (lAHp(x)/( CT; c) * ^ 3 , [C, C]*t), 

where £ is defined in (6.10), lies in the third (resp. second) term D 2 ' 1 (resp. D 1 - 2 ) of 
the filtration 

= £> 4 ' -1 C D 3 * c D 2 ' 1 c D^ 2 c D°- 3 = ^ 3 (l AH p( N )/ (ro ,c) x ^ tCYt) 

given by the spectral sequence in Proposition 8.8. 

This theorem is a consequence of Theorems 6.11 and 6.14 together with Lemma 
7.2, (7.4), Proposition 7.5 and the naturality of the spectral sequence in Proposition 
8.8 below. 

Remark 8.9 and Proposition 8.8 yield a spectral sequence 
E™ = H?(Cand(A,t),H«(sh 3 ,[-,-}*t)) ff p+9 (l C a»d(A, t) x sh 3 , [-, -}*t). 
Let 

= D n+1, ~ 1 C D n <° C • • • C C • • • C D°' n = tf"(l C and(A,t) x sh 3 , [-, -}*t) 

be the filtration such that EP^ q = D p ' q / D p+1 ' q ^ 1 . There are homomorphisms (n > 0) 
^"(lcand(A,t) x sh 3 , [-, -}*t) — tf°(Cand(A, t), H n (sh 3 , [-, -}*t)) 

given by 

D 0,n _^ O 0,n| D l,n-l = £ 0,n c ^0,«_ 

The homomorphisms £o satisfy the property stated in the following lemma. 
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Lemma 7.2. In the conditions above, given b E H n (A,t) and a candidate triangle 
(X, a) in (A, t) we have that 

£o((ev,e)*b)(X,a) = [X,a)*b G H n (sh 3 ,(X,a)*t). 

This is Lemma 8.12, proved in the next section. Lemma 5.5 follows from this one. 
Moreover, the global class of identities determines the classes of identities through £o- 

Lemma 7.3. For any candidate triangle (X, a) we have (£o(Id))(X, a) = id(X,a). 

This is Lemma 8.16, also proved in the next section. This implies that the 0- 
cochain id determined by the classes of identities in (4.13) is actually a cohomology 
class as stated in Lemma 5.4, and moreover 

(7.4) £o(Id)=id. 

In particular by using these lemmas we notice that V-triangles are the candidate 
triangles annihilated by the cohomology class 

£o(Id + (ev, e)*V) G £f°(Cand(A, t),H 3 (sh 3 , [-, -]**)). 

Let iy. Cand(V) — > Cand(A,i) be the inclusion of the full subcategory of V- 
triangles. By Proposition 8.8 there is also a spectral sequence 

E?« - ff p (Cand(V),# 9 (s/i 3 , [i v ,iv]**)) => # p+9 (lcand(v) x sh 3 , [i v ,*v]*t). 
We also denote by 

= C D n '° C • • • C L>™ C • • • C D°' n = H n (l Cand(v) x sh 3 , [i v ,*v]*t) 

to the filtration such that E™ = D™ / D** 1 *-* and by £ to the homomorphisms 
(n > 0) 

^o: # n (lcand(v) x sh 3 ,[i v ,i v )*f) -^H°(Cand(V),H n (sh 3 ,[i v ,i v ]*t)) 
given by 

D 0,n D 0,n/ D l,n-1 = ^0,™ c £ 0,n 

The category Cand(V) is the biggest full subcategory such that its inclusion 
functor iv satisfies 

= iUo(Id + (ev, e)*V) = £o(*v x 1 A , 0° xafc .)*(Id + (ev, e)*V). 

Here for the second equality we use the naturality of the spectral sequence in Propo- 
sition 8.8. This shows that 

(t v x 1 A) 0P xafc ,)*(Id+ (ev,e)*V) G D 1 ' 2 c H 3 (l Cand(v) x sh 3 , [i v ,*v]*i). 

Let be the homomorphism given by 

a : D 1 ' 2 -» D^/D 21 = E^ 2 C E 1 / = H 1 (Cand(V), H 2 {sh 3 , [i v ,i v ]*t)). 

Proposition 7.5. Let 

6>v G H 1 {Cand(V),H 2 (sh 3 ,[i v ,i v }*t)) 

be the cohomology class determined by #v in (6-13), the equivalence of categories in 
(4-1) and Proposition 5.7. Then the following equality holds 

Ov = Zi(ivxlA,0° xsh3 y(Id+(ev,eyV). 

This theorem is proved in Section 10 

In particular we obtain that the cohomology class #v , which was defined by using 
a translation track category representing V, is indeed well defined by V. 
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8 The construction of the spectral sequences and 
the global class of identities 

The normalized cochain complex F*(C,D) defined in Section 2 for the computa- 
tion of cohomology of categories is the normalization of a cosimplicial abelian group 
F'(C,D), see [BD89] Appendix B, 

F*(C,D) = NF*(C,D). 

We refer the reader to the Appendix of this paper for basic facts and notation concern- 
ing (bi)cosimplicial abelian groups, normalized (bi)complexes, diagonals, and total 
complexes. Here F*(C, D) is given by the abelian groups in (2.1). The coboundaries 
di and codegeneracies Si are given by 

{ci*c(o- 2 , . . . ,a n ), i = 0; 

c(ai,...,ai<Ti + i,...,(T n ), 0<i<n; 
cr*c(ai, . . . ,<7„_i), i = n; 

(sjc)(<Ti, . . . , a n -i) = c(ai, . . . , <7,, l Xi , Ci+i, . . . , <r„_i). 

where c e F n (C, D) and Xi is the source of <7j and/or the target of <j i+ i. The ordinary 
functorial properties of this bicomplex are the same as for the cochain complexes 
F*(C,D) and F*(C,D), sec [BW85] or [Mur04]. 

Let C and B be categories and D a (C x B)-bimodule. The functorial properties 
of F* yield a cosimplicial C-bimodule F'(B, D). Moreover, by applying F*(C, — ) to 
this simplicial C-bimodule we obtain a bicosimplicial abelian group 

F'(C,F'(B,D)). 

Lemma 8.1. There is a natural isomorphism of cosimplicial abelian groups 

T)i&gF*(C,F*(B,D)) ^F'(C x B, D). 

Proof. A cochain c G F n (C, F n (B, D)) corresponds to the cochain c e F n (C x B, D) 
defined by 

c((<7i,ri), . . . , (<r„, r„)) = (c(cti, . . . , cr n ))(n, . . . , T n ). 

The reader can easily check that this identification is compatible with the cosimplicial 
operators. □ 

The isomorphism in this lemma will be used as an identification. Moreover, this 
lemma and the cosimplicial Eilenberg-Zilber-Cartier theorem described in the Ap- 
pendix yield the following result. 

Corollary 8.2 (Kiinneth spectral sequence). Given categories C and D and a 
(C x B)-bimodule D, there is a natural spectral sequence 

= H p (C,H q (B,D)) =^ H p+q {C x B, D). 

Proof. This is the spectral sequence of the bicomplex F n (C, F n (B, D j). The abut- 
ment is indeed isomorphic to the cohomology of F*(C x B,D) by Lemma 8.1 and 
Theorem A.l. □ 

This spectral sequence can be regarded as a particular case of the spectral sequence 
constructed in [PR05]. 
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Remark 8.3. For any category C the category of pairs Pair(C) introduced in Section 
6 is nothing but the category of functors I — > C where I is the unit interval category, 
with only two objects 0, 1 and a unique non-trivial morphism — > 1. In particular 
there is an evaluation functor 

ev: Pair(C) x I — > C. 

For any C-bimodule D there is an associated Pair(C)-bimodule D# constructed in 
[Bau97] together with natural homomorphisms 

A: H n+1 {C,D) — > iJ"(Pair(C),D # ), n > 0. 

For n = 2 the homomorphism A plays a role in Section 6. The reader can check by 
using the normalized cochain complex F*(I, — ) that there is a natural identification 

D* = ff 1 (I, &[;*£>). 

Moreover, H n (I, — ) vanishes for all n > 1 and the homomorphisms 

H n+1 (C,D) -» E^ 1 ^ E^ 1 = i7"(Pair(C),i/ 1 (I,eiJ* J D)) = iT l (Pair(C), D*) 

induced by the Kunneth spectral sequence in Corollary 8.2 coincide with A for all 
n > 0. 

Suppose now that C is a category with zero object, (B, s) is a translation category, 
D is a (C x B)-bimodule, and s: D ^ D(l x s, 1 x s) is a natural transformation. 
Then there is a morphism of cosimplicial C-bimodules 

s« - s* : F'(B, D) — > F'(B, D(l x s, 1 x s)). 

By applying _F*(C, — ) we obtain now a bicosimplicial abelian group homomorphism 

F'(C, s* - s*) : F'(C, F'(B, D)) — » F'(C, F'(B, D{1 x a, 1 x a))). 

On the other hand the functorial properties of the translation cochain complex 
F(s,—) described in Remark 3.6 imply that F*(s,s) is a cochain complex of C- 
bimodulcs, therefore if we apply F*(C, — ) we obtain a bicomplex 

(8.4) F*(C,F*(s,s)). 
The translation cochain complex 

(8.5) F*{l c xs,s) 
is also defined. 

In the next two lemmas we identify (8.5) and the total complex of (8.4) as the 
homotopy fibers of the two possible ways of converting F'(C, s* — s*) into a cochain 
homomorphism. For this we recall that given a cochain morphism 

£: A* — > B* 

its homotopy fiber Fib(£) is the cochain complex defined by 

Fib"(f) = A n (BB n - 1 

and differential 
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Lemma 8.6. There is a natural identification 

FibTotAF'(C,s» -«*) = TotF*(C,F*(s,s)). 

Proof. We have the following equalities 

Fib n TotAfF*(C,s» - s*) = Tot n NF'(C, F'(B, D)) 

®Tot n ^ 1 ArF*(C,F*(B,D(l x s, 1 x s))) 
N p '"F'(C,F'(B,D)) 

p-\-q — n 

® N p ' q F'(C,F'(B,D(l x s,l x s))) 

p+q— n— 1 

= f»(C,f'(B 1 J))) 

p-f g — n 

F P (C, F*(B, D(l x s, 1 x s))) 

p+q— n— 1 

= (Ff(C,F 9 (B,D))©Ff(C,F9- 1 (B,D(l x s, 1 x s)))) 

p+g = n 

= ^(C./'tMl 

p+g = n 

= Tot n F*(C,F*(s,5)). 

We leave to the reader to check the compatibility with the differentials. □ 

Lemma 8.7. There is a natural identification 

Fib7VDiagF*(C,s* - s*) = F*(l c x s,s). 

Proof. We have the following identifications 

Fib n JVDiagF*(C,s„ -a*) = N n D'mgF'(C, F'(B, D)) 

8JV n - 1 DiagF'(C, F'(B, £)(1 x s, 1 x a))) 

( = } N n F'(CxB,D) 

e jV"- 1 F*(C x B, D(l x s, 1 x s)) 
= F"(C x B,D) QF^iC x B,D(1 x s, 1 x s)) 
= F"(l c x«,5). 

Here we use Lemma 8.1 in (a). The reader can check that this is compatible with the 
differentials. □ 

By using these two lemmas and the Eilenberg-Zilber-Cartier theorem in the Ap- 
pendix we obtain the following result. 

Proposition 8.8. Consider a category C with zero object, a translation category 
(B, s), a (C x B)-bimodule D, and a natural transformation s: D =>■ D(l x s, 1 x s). 
Then there is a natural spectral sequence 

E p 2 q = H p (C, H q (s, «)) => H p+q (l c x s, s). 

Proof. This is the spectral sequence of the bicomplex (8.4). Lemmas 8.6 and 8.7 
together with the naturality of the cochain homotopy equivalences in Theorem A.l, 
the long exact sequence for the cohomology of a fibration of cochain complexes, and 
the five lemma imply that the cochain homomorphism given by the matrices 



3n 
dn-1 



n e 
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induces an isomorphism between the cohomology of (8.5) and the cohomology of the 
total complex of (8.4), therefore the abutment of the spectral sequence is as in the 
statement of this proposition. □ 

We will write 

= c D n >° C • • • C D p ' q C • • • C D {) n = H n (l c x s, s) 

for the filtration such that E™ = £>P'V-D P+1 ' 9 " 1 . 

Remark 8.9. We are specially interested in the case where (B, s) = (A, sh 3 ) and 
C = Cand(A,i) for some translation category (A, t) as in Section 5. There is a 
translation category morphism 

(ev,e): Cand(A,i) x (A, sh 3 ) — ► (A,t) 

defined by the zero-object-preserving "evaluation" functor 

ev: Cand(A, t) x A — ► A 

given by ev((X,a),n) = X n on objects and given a morphism /: (X, a) — > (Y,(3) of 
candidate triangles ev(f,l n ) — /„, ev(l(x,a)i l n) — d n , and the natural transforma- 
tion 

e:tev=> ew(l Ca nd(A,t) x sh 3 ) 

with eax,a),n) = a n '■ tX n — > X n+ ^. We therefore can pull back the natural transfor- 
mation t: Horn* Hom'(i,t), see (4.10) and (4.11), along (ev, e) 

(ev,e)*i: Hom A (t ev,ev) Hom A (i et;(l Ca nd(A,t) x sh 3 ), ev(l Ca nd(A,t) x sh 3 )). 

If we evaluate this natural transformation of (Cand(A, t) x A)-bimodulcs on two 
candidate triangles (X, a) and (Y, 0), leaving free the second variable, we obtain the 
following natural transformation of A-bimodules 

((ev, e)*t)(((x,«) -),{(Y,p) -)) = [(X,a),(Y,(3)]*t, 
see (3.4), hence we can write 

(ev,e)*i= [-,-]**■ 

This remark and Proposition 8.8 yield a spectral sequence 
(8.10) 

E™ = £P(Cand(A, t),H«(sh 3 , [-, -]**)) ff p+9 (l C and(A, t ) x s/* 3 , [-, -]*t). 
In particular there are homomorphisms (n > 0) 

(8.11) Co: H n (lc«nd(A,t) x s/i 3 , [-,-]**) -^ff°(Cand( A, t),H n (sh 3 , [-,-]**)) 
given by 

The homomorphisms £o satisfy the property stated in the following lemma, see (3.5). 

Lemma 8.12. In t/ie conditions above, given b S H n (A,t) and a candidate triangle 
(X, a) in (A,t) we have that 

£ ((ev,e)*b)(X,a) = (X,a)*b 6 H n (sh 3 ,(X,a)*t). 
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Proof. The homomorphisms £o are given as follows. Let 

C=(Cl,C 2 ) G F n (l C and(A,t) X sh 3 ,[-,-}*t) 

= F"(Cand(A, t) x A, Hom A (i ev, ev)) 

©F"- 1 (Cand(A,t) x A,Hom A (t ev(l x sh 3 ),ev(l x s/i 3 ))) 

be a cocycle representing c £ -ff"(lcand(A,t) x s ^ 3 j [ — j — ]**)• We are going to use the 
identification in Lemma 8.1 as well as the homotopy equivalence 3" in Theorem A.l. 
The cochains 

ff(ci) G Tot n F*(Cand(A,i),F*(A,Hom A (i ev.ev))) 
= F p (Cand(A,t), J F 9 (A,Hom A (t ev,ev))), 

p+q=n 

ff(c 2 ) G Tot"" 1 J F*(Cand(A,t),F*(A,Hom A (t eu(l x s/i 3 ),ew(l x s/i 3 )))) 
F p (Cand(A, t),F q (A, Rom A (t ev(l x s/i 3 ), ev(l x s/i 3 )))), 

p+q— n— 1 

have components 

S-(ci) '™ G F°(Cand(A,t),F rt (A,Hom A (t ev.ev))), 
^(ca) ^" 1 G f°(Cand(A,f),f"- 1 (A,HoniA(teD(l x s/i 3 ),e?)(l x s/i 3 )))). 

The element £o (c) (A~, a) is represented by the cocycle 

(d(ci)°' n (X, a), mf^iX, a)) G F"(^ 3 , [-, -]**). 

By using the definition of # in the statement of Theorem A.l we see that this cochain 
is given as follows 

(d(ci)°' n (X,a))(a 1 ,...,a n ) = ci((l( XiCe ),CTi),...,(l( X)a) ,CT n )), 

(5'(c2) 0; " _1 (A",a))(cri,. . . ,(T n _i) = C 2 ((l(x,a),CTl),. . . , (l(X,a), 0"„_l)). 

Suppose now that 

6 = (6i, 62) G F n (i, i) = F n (A, Hom A (t, -)) © F^fA, Hom A (t 2 , t)) 
is a cocycle representing & G H n (A, t). Then c = (ev, e)*b is represented by 

c = (ci, c 2 ) = (eu, e)*fo = (et>*6i, Hom A (ie _1 , l)»e # (&i) + Hom A (te _1 , e)*ei;*6 2 ), 
and using the definition of (ev, e) in Remark 8.9 we obtain 

(eW*6l)((l( X ,a))0'l),---,(l(X,a),0 , n)) = &1 (A(ffl ),..., A" (ff„ ) ) 

= (X*bi)(ai,...,a n ), 

(HomA^KX.aJ.t-n+l)- 1 )^*^)) 

n-1 

((l(X,a),ffl), ■ • ■ , (l(X,a),ffn-l)) = ( to fc-n+l ) * (~ i)*^ ) - 

Xsft (ffi),an-i,tX(ffi+i), . . . , tX(a n -\)) 
= Hom A (tofe^ n+ i, l).a # (<7i, . . . ,ff„-i), 

(Hom A (te^ XjC()ifc _„ +1) ,e((x,a),fc))*et;*&2) 

((l(x,a),o'i), (l(x,a),o-n-i)) = (ta^ n+1 )*a fc » 6 2 (A (ffi ) , . . . ,X(a n -i)) 

= (Hom A (tafc_„+i,afc)«A*62)(<Ti, • • • ,a n -i), 
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where k — i is the source of <7j and/or the target of <t,+i. Hence we observe that 

i. e. the cocycle representative of £o((ef , e)*b)(X, a) also represents (X, a)*b, hence 
the proof is finished. □ 

We now consider the bicomplex 
(8.13) #*(Cand(A, t),F*(sh 3 , [-, -]*£)). 

which is the ^-normalized version of (8.4) for the special case considered in Remark 
8.9. In bidegree (p, q) for q > this bicomplex is 

^>(Cand(A, t), U me z Hom A (i ev(-, ro), ev(-, m + q))) 
©FP(Cand(A, t), n„ ieZ Hom A (t ev(-, m + 3),ev(-,m + q + 2))). 

We now define the (0, 3)-cochain 

Id= (ld,0) e F°{Cand(A, t),F 3 (sh 3 ,[-,-]*i)) 

by 

Id(X, a)(m) = (-l) m a m e Hom A (tX m , X m+3 ) 
for any candidate triangle (X, a) and raeZ. 

Proposition 8.14. TTie cochain Id is a cocycle in the total complex of (8.13). 

Proof. The horizontal differential (4, of (8.13) is given by the cohomology of Cand(A, t) 
and the vertical differential d v is determined by the translation cohomology of (A, sh 3 ). 
Therefore given a morphism of candidate triangles / : (X, a) — > (Y, (3) we have 

(cWd)(/) = ((<nd)(/),o) 

and for any m e Z 

((<5Id)(/))(m) - / ro+3 ,(Id(X,a))(m)-/^(H(F,/J))(m) 

= o. 

This vanishes because all morphisms of candidate triangles satisfy (3(tf) = fa, see 
Section 4. 

On the other hand for any candidate triangle (X, a) we have 

{d v (Td)){X,a) = {8{Jd(X,a)),((X,a)*t),{U(X,a)) - sh 3 * (lA(X,a))). 

The first coordinate is 

(8(Td(X, a)))(m) = d m +4*Id(X, a)(m) + d ? * n+1 Id(X, a)(m + 1) 
= (-l) m d m+i a m + (-l) m+1 a m+1 (td m+1 ) 
= 
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This vanishes since a is a degree 3 cochain homomorphism. For the second coordinate 
by (3.4) we have 

(((X,a)*t)*(Id(X,a)))(rn) 

-(sh 3 *(ld(X,a)))(m) = {-l) m a m+i t ( x m ,x m+3 ){a m ){ta^:) 

-(-l) m+3 a m+3 
= -{-l) m a m+ z{ta m ){ta^) - (-l) m+3 a m+3 
= 0. 

Now the proof is finished. □ 

The inclusion of bicomplexes 

F* (Cand(A, t),F*(sh 3 , [-,-]**)) C F*(Cand(A, t), F*(sh 3 , [-, -}*t)) 

induces a quasi-isomorphism in total complexes since we know that the corresponding 
map of spectral sequences induces isomorphisms in the i?2-term. Hence, by using 
Lemmas 8.6 and 8.7 and the cosimplicial Eilcnbcrg-Zilber-Cartier theorem in the 
Appendix, we see that the cochain Id represents a cohomology class 

(8.15) Id G ff 3 (lca„d(A,t) X sh 3 , [-, 

We will refer to it as the global class of identities. 

The following lemma proves that the global class of identities determines all classes 
of identities defined in (4.13) through the homomorphism £ in (8.11). 

Lemma 8.16. For any candidate triangle (X, a) we have (£o(Id))LY, a) — id(X,a). 

Proof. The cohomology class (£o(Id))LX", a) is represented by the cochain 

(Td(X,a),0) e F 3 (sh 3 ,(X,a)*i). 

This cochain is the same as the cochain in Lemma 4.15, hence the proof is finished. □ 

Let : Cand(V) <^-> Cand(A, t) be the inclusion of the full subcategory of V- 
triangles. By definition of V-triangle and Lemma 8.12 if b — (61,62) G F 3 (t,t) is a 
representative of V G H 3 (A, t) then there exists a cochain 

e= (ei,e 2 ) £ F a (C&nd(\7),F 2 (sh 3 ,{i v ,i v }*t)) 

such that for any V-triangle (X, a) the equation 

(8.17) 5(e 1 (X,a),e 2 (X,a)) = ld{X,a) + {X,a)*b e F 3 (sh 3 ,(X,a)*t) 

holds. 

Lemma 8.18. Lete be a cochain as above. The cohomology class £i(iv X 1a, 0^ xsfl3 )* (Id+ 
(ew,e)*V) is represented by the 1-cochain 

9 e F 1 (Cand(V), H 2 (sh 3 , [i v , i v ]*t)) 

such that for any morphism of candidate triangles I : [X, a) — ► (Y, (3) the coho- 
mology class 9(1) E H 2 (sh 3 , {(X, a), (Y, [3)]*i) is represented by the 2-cocycle 9(1) 6 
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F 2 (sh 3 ,[(X,a),(Y,f3)}*t) given by 

(9(l))(m) = (bi(d m+ 2,d m+ i,l m ) — b\(d m+ 2,l m +i,d m+ i) 
+bi(l m +2, d m+ 2, d m+ i) 
-l m+2 ( ei (X, a){m)) + (ei(y,/9)(m))(t/ m ), 
biidm+i, (3 m , t? m )(ta m 1 ) — b\((3 m +i, td m+ i, tZ m )(to m 1 ) 
+bi((3 m +i, tlm+i-, td m +i)(ta m ) 

— &l(rfm+4, ^m+3j ^toX^" ) + &l(Z m+4 , rf TO+ 4, Q; m )(ta~ 1 ) 

-bi(l m +4, ot m +i, td m+ \){ta^ n ) 

-Z ro+1 (e 2 (X,a)(m)) + (e 2 (F, /3)(ro))(ti m )). 

The proof of this lemma is technically just a continuation of the proof of Lemma 
8.12. One only needs to use again two elementary but tedious formulas, namely the 
homotopy equivalence 5 in Theorem A.l and the construction of the spectral sequence 
of a bicomplcx. We leave the details to the reader. 



9 The axiom (Tr2) 



Let (A, t) be a translation category with A additive and t an additive equivalence. 
There is an isomorphism 



9: Cand(A,t) — ► Cand(A,i) 



defined on objects as 



Q{X,a) = {l A ,-0?)(X,a){sh,0° hi ) = (Xsh,-ash) 

and on morphisms / as 9(/) = f sh. This endofunctor is related to the axiom (Tr2) 
in the definition of pretriangulated categories, see [IV] 1. More precisely, if 



A 



B 



C 



tA 



is the small candidate triangle corresponding to (X, a) by the equivalence of categories 
in (4.1), then the small candidate triangle corresponding to Q(X, a) is isomorphic to 



B 



C -l*tA-£ tB. 



The isomorphism is given by the following commutative diagram in A 




>tB 



Proposition 9.1. Let (X, a) be a candidate triangle, then (X, a) is a V '-triangle if 
and only ifQ(X,a) is a V '-triangle. 
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For the proof of this proposition we need the following two lemmas. 

Lemma 9.2. The homomorphism induced by (1a, — 0°) on translation cohomology 
is the identity 

l = (l A ,-0°)*:H*(A,t)^H*(A,t). 

Proof. We have to prove that the homomorphism given by the identity matrix is 
homotopic to 

(U '~°° r = ( (W(-o° o t D ))*(-o?) # (W(-o° -o°)), 

1 

-(-o?)* i 

First of all we restrict ourselves to cochains which are normalized not only with 
respect to identities and zero morphisms but also with respect to products in A in 
the sense of [BT96]. By using [BT96] A. 11 we see there is no lose of generality in this 
restriction. 

We claim that a homotopy is given by 

( ((op.oFM^))*-^ o )• 

Here (— , — ) % are the cochain homotopies in [III] 5 and 0: t t is the natural trans- 
formation given by zero morphisms. 



We have the following equalities 



-Hom'(0?,(0^0?)),(_°y # + 0* 
+ Hom^(°?),0°).(0° 0°)* 

+ Ho 1 „ t (0^(0?,0 t D )),(^) # -(0 t n )* 
+ Hom'((_° ? ),0 t n ),(0°,0?)# 

+ Hom*(0° (0°,0 t n )),(_y # -(0?)# 

02 -Hom*(0 t °,(0 t n ,0 t n )),(_°y # + 0# 

+ Hom t (0 t n ,(0°,0 t n )),(^) # -(0 t n )# 
+ Ho m '(0 t n ,(0 t n ,0 t n )),(_° ? ) # -(0 t n )# 
<=' -(-0°)#. 

Here we use [III] (5.11) for (a) and the biadditivity of Horn* in (b). Normalization 
with respect to identities shows that (0^) # = 0, see [III] (5.7), normalization with 
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respect to zero morphisms implies that 0# = 0, and these and normalization with 
respect to products show that 

o?\*_ n f o\*_f 0_ \ _ / 0° \* ( 



6 J -°\-o? ) -{ (-o?)* ) and V -o? ; - V (-o?) # 

therefore (c) follows easily. 

The previous chain of equalities proves the claim, and hence the lemma. □ 

Lemma 9.3. For any candidate triangle {X, a) the equality 

(sh,0^)*id(X,a) = id(Q(X,a)) 

holds in H 3 (sh 3 ,(sh,0° h4 )*(X,a)*t) = H 3 (sh 3 , (Q(X, a))*t). 

Proof. By Lemma 4.15 id(X,a) and id(0(X, a)) are represented by the translation 
cocycles (6, 0) and (c, 0) , respectively, defined as 

6(m) = {-l) m a m and c(m) = (-l) m (-a m+1 ), 

hence the equality already holds at the level of representative cocycles (sh, 0^ 4 ) * {b, 0) = 
(c,0). ' □ 

Proof of Proposition 9.1. By Lemmas 9.2 and 9.3 we have that 

id(Q(X,a)) + (e(X,a))*V = (^ 3 ,0° 4 )*(id(X,a) + (X,a)*V) 

and (sh 3 , 0^ 4 )* is an isomorphism because (s/i 3 ,0^ l4 ) is already an isomorphism, 
therefore the proposition follows. □ 



10 Proofs of Propositions 5.7 and 7.5 and Theorems 
6.11 and 6.14 

In this section we concentrate all proofs where the use of the track-theoretical tech- 
niques developed in [III] and [IV] is strictly necessary. We will freely use the definitions 
and notation in [IV] 2 and 3. 

In this section (B, s) will always be a good translation track category representing 
a translation cohomology class V G H 3 (A,t). 

In the proof of the following results we will use a fixed global section (£, fi, v, n) 
in the sense of [III] 14. We are actually interested in £, [i and part of v only. This 
is given by a choice of a morphism if: A — > B in B for any /: A — > B in A with 
p(£f) = f and £{l x ) = lx, tracks fi St9 : (£f){£g) £{fg) with n fA = 0^ = n hf , and 
tracks i/f iS : s(£f) =4> £{tf) with v\ x , s — sx- Since B has a strict zero object * which 
is preserved by s and s is normalized at zero maps we can also impose here £(0) = 0, 
M/,o = 0^ = /j,o j and vq iS = Oq 1 . We recall from [III] that V is represented by the 
cocycle (cb,M G F 3 (t,t) with 

c A (f, 9 ,h) = ( 77 ( ^ ) ( M/5;/l n( M/ , s (^))n((f/) M ^)n^ g/l ), 

= CT 7(t\/s))(^(/),t(s) n (^,^s.«) ns W 5 Ds (^/,s) n!y F9, S )- 

The cocycle (c&,b s ) is in principle only normalized with respect to identities, but 
the extra conditions required here to the global section clearly imply that it is also 
normalized with respect to zero morphisms. We will also need a collection 7 of tracks 
7/ : £p(f ) =>■ / indexed by all maps / in B such that 7^ = 0^ for any morphism g in 
A. 
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Proof of Proposition 5. 7. Let 



(a) 




» sB 



be a track triangle and let (X, a) be the candidate triangle associated to the small 
candidate triangle 



(a) 



A pU) B pW c p_M tA 



under the equivalence (4.2). The reader can check that the coboundary of the 2- 
cochain 

(CT " 1 (i7on(7 l 7/)nMp( l ),p(/)),cr c r 1 (^i n (7< Z 7 4 )nMp( (Z ),pw), 

a - 1 (^ 2 n( S (7/)7 9 )n(^ H ( / ) ;S (M?)))nM t H p(/ ) >P ( 9 ))) G G 2 ((X,a)*t) 

is 

{ItA, —Its, ltc) 

+ (CB(p(«),p(t),p(/)),CB(W).P(9).P(0).CB(M0.W).P(9))-6.(p(0.P(/))(*P(9))). 

and by Lemma 4.9 and Remark 4.14 this represents the cohomology class id(X, a) + 
(X, a)*V, therefore (X, a) is a V-triangle. 

On the other hand, if the "long" candidate triangle associated to the small one 

A -L> B -U C * A 

is a small V-triangle we can choose a 2-cochain (e_2,e_i,eo) G G 2 ((X, a)*t) such 
that 

5(e_ 2 ,e_i,e ) = {Ua, -Its, ltc) + (cb(<?,«, f),c B (tf,q,i),c B (ti,tf,q) - b s (i, f)(tq)). 
Now it is not difficult to check that 

o 




with 



-ffo = cr (e_ 2 )n^i,/, 
-ffi = a-o(e_i)n/i 9)i , 
#2 = a-o(e )n/Ut/,gn(^/, s (^)), 



is a track triangle. 



□ 
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Proof of Proposition 7. 5. As we remark in the paragraph preceding the statement of 
Lemma 8.18 there is a cochain 

e = (ei,e 2 ) G #°(Cand(V), F 2 (sh\ [-, -]**)) 

such that for any V-triangle (X, a) the equation 

6{ ei {X, a),e 2 {X, a)) = ld{X, a) + (X, a)*(c B ,b s ) 

is satisfied. Suppose that (X, a) is the image of the small V-triangle T given by 

A B C -U t A 

by the equivalence of categories in (4.2). The previous equation implies that in the 
cochain complex G*((X, a)*t) the coboundary of 

( ei (X, a)(-2), ei (X, a)(-l), e^X, a)(0) - e 2 (X, a)(-2)(tdi)) 

is 

(l tA , -Its, ltc) + {c B (q,i,f),c B (tf,q,i),c B (ti,tf, q) - b s (i,f)(tq)), 
therefore the diagram 



o o 








with 

H = f7 (ei(X,a)(-2))n^ i/ , 

#i = CTo(ei(X,a)(-l))n// g)i , 

tf 2 = a (e 1 (X,a)(0)-e 2 (X,a)(-2)(tq))n fHf!q n(u ftS (£q)), 

is a track triangle that we call pT, see the proof of Proposition 5.7. 

With this choice of a track triangle pT for any small V-triangle T we can obtain 
a 1-cocycle 9 representing the cohomology class #v m (6-13), see the proof of that 
corollary. More precisely, given a morphism k: T —> T between small V-triangles as 
in the following diagram 



A — f —> B — C — tA 



feo 


fei 


fe 2 


i / : 




-. 9 - 



(A'o 



- / - i - « - 

i4 > S ► C >■ ti4 



if we write (Y, /?) for the V-triangle corresponding to T under the equivalence of cate- 
gories in (4.2) then the cohomology class 9{k) = ^ pT . p f{k) <G H 2 (sh 3 , [(X,a), (Y,(3)]*t) 
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is represented by the cocycle (&_ 2 , 6-1, bo) £ G 2 ([(X, a), (Y, (3)]*i) with 

6_ 2 = a - 1 (((a ( ei (y, / 3)(-2))D^ / )(^o))n((tt)(/if, fco nM/c 1 ,/)) 

□ (( M f 3 fei n Mfc2 , l )(^/))n((tt 2 )( M H / D ( To(-ei(X, a )(-2))))), 

6_i = a - 1 ((( ( T (e 1 (y,/3)(-i))n^)(^ 1 ))n((£ g -)( Ai - H fei n Mfc2 , l )) 

□ ((^ fe2 nMt feo , 9 )(^))n((^o)(^ i ^o(-ei(X,a)(-l))))), 

6 - <7 - 1 (((a (e 1 (y,/J)(0)-e 2 (y,/3)(-2)(^))n Mt/;g -n( ! , / - s (^)))(a 2 )) 

□ ( S (^ 1 )((^ s (^))D Alt H M D ( To(-e 1 (X, a )(0) + e2 (X, a )(-2)(t (Z ))))). 
The reader can check that 

b-2 = c B (i,f,k )-c B (i,k 1 ,f)+c B (k 2 ,i,f) 

-k 2 ( ei (X,a)(-2)) + (ei(r,/9)(-2))(tfc b ), 

b-i = c B (g, - c B (g, fc2,i) + c B (tfc ,g, i) 

-(ifc )( ei (X,a)(-l)) + ( ei (Y,/3)(-l))(ifc 2 ), 
&o = c B (tf 1 q,k 2 )-c B (tf,tk Q ,q)+c B (tki,tf,q) 

-(th^ix^m) + ( ei (r,/3)(o))(tfc 2 ) 

+b s (f,k )(tq)-b s (k u f)(tq) 
+k 1 (e 2 (X,a)(-2))(tq) - (e 2 (Y, p)(-2))(t(qk 2 )), 

therefore this proposition follows from Lemmas 8.18 and 4.9 and the fact that (c B , b s ) 
is normalized. □ 



Proof of Theorem 6.11. By [Bau97] 2.4 and 2.5 there is a map from the weak linear 
extension of homotopy pairs in [IV] 4.3 to the linear extension of algebraic homotopy 
pairs in (6.1) 

(a) (Hom 4 )# — ^ Hopair(B) > Pair(A) 



(Horn*)* + > AHp(K) — ^— > Pair(A) 

Here m is an equivalence of categories. We point out that the category of homotopy 
pairs considered in [Bau97] does not coincide strictly with our Hopair(B) defined in 
[IV] 4. However it is equivalent to Hopair(B) in an obvious way which is compatible 
with the (weak) linear extension structures above. 

The equivalence of categories m in (a) induces isomorphisms between the track- 
theoretical cone functors in [IV] 4.4 and the algebraic ones in (6.4), i. e. for any map 
/ in B we have 

(c) m: Conej = Cone^jy 

In particular Conej is rcpresentable if and only if Conejj^ is. These isomorphisms 
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show that the following diagram commutes up to equivalence 



(d) 



Hopair(B) 



Cone 



mod(A) 



Cone Als 



AHp(H)°P 



As we saw in [IV] 4.8 and Section 6 diagram (d) restricted to (algebraic) homotopy 
pairs with representablc associated (algebraic) cone functor can be extended in a 
commutative way up to equivalence 




The functors C and C were used to define functors ( and £ that therefore fit in a 
diagram commuting up to equivalence 



(e) 



Hopair rep (B) 



cand(A, t) 



AHp rep (H) 



Now by Proposition 5.7 the vanishing condition in the statement of Theorem 6.11 
is equivalent to the fact that Q takes values in small V-triangles. This is obviously 
the same as saying that Q takes values in small V-triangles and by the commutativ- 
ity properties of (e) this happens if and only if £ takes values in small V-triangles, 
therefore the theorem follows from [IV] 4.26. □ 



Proof of Theorem 6.14- This proof is technically a continuation of the proof of The- 
orem 6.11 above since we need here all arguments already considered there. In this 
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proof we will pay attention to the functors in the following extended diagram 
(f) candt(B,i) 



Hopair(B) ( 




cand(V) 



AHp(tt) 



AHp(N)/(tj7,C) 

The lower triangle is strictly commutative, see Section 6, and (g) commutes up to 
equivalence by [IV] 4.16. Moreover, ( is faithful here by the second part of [IV] 4.25. 

By [IV] 4.27 what we have to prove is the following: C*#v = if and only if there 
exists a full subcategory dist(B, s) C candt(B, s) such that 

(h) dist(B, s) C candt(B, s) Hopair(B) -?U Pair(A) 

is surjective on objects and 



(i) 



dist(B,s) C candt(B,s) Hopair(B) 



is full. 

For this we give the following description of a normalized 1-cocycle 9 representing 
#v in terms of the obstruction operator d in the exact sequence for the functor g 
in [IV] 3.1. For each small V-triangle T we choose a track triangle pT such that 
gpT = T. Then given a morphism of small V-triangles k : T — ► f we have 

= v >P f (*)• 

Actually all cocycles representing #v can be obtained in this way, compare [Bau89] 
IV.4.10 (d). 

Suppose first that there exists a full subcategory dist(B, s) such that the functors 
(h) and (i) satisfy the required properties. For any morphism / in A we can choose 
the representation 

Xf- Hom A (C/,-) = Conef K 

used in the definition of ( to be induced by the isomorphism in (c) and a track triangle 
p((f) in dist(B, s) whose image by pg is /, see [IV] 4.12. Now it is immediate to 
notice by using [IV] 3.2 and the commutativity properties of (f) that the pull-back of 
the 1-cocycle 6 by the functor C is already trivial (*9 = 0, in particular C*#v = 0. 

Suppose now that (*9v — 0. We choose a 0-cocycle c such that 5(c) = (*9 and a 
natural isomorphism q: g = (g~- We take dist(B,s) to be the full subcategory given 
by the track triangles 

ff - pC(f) + (-c(f)) 
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in the sense of [Bau89] IV. 4. 10 (d), where / runs along all morphisms in A. With 
this definition (h) is obviously surjective on objects, since pgTf — pgp((f) = /• Let 
us check that (i) is full. We have to show that any morphism of homotopy pairs 
[ko,ki,K]: gTf — ► gT g is the image by g of a track triangle morphism k: Tf — > T g . 
Consider the next chain of equalities 

+(-(q^\[k ,k 1 ,K}q ff ),c(f) 
+(q^([k ,k 1 ,K}q ff )*c(g)) 

-(5(c))(q f \{ko,k u K]q ff ) 
= 0. 

Here we use [IV] 3.3 for the first equality. By [IV] 3.2, and since the triangle (g) in dia- 
gram (f) commutes up to the natural equivalence q, we see that C[fco, k\,K] : (gTf — ► 
(g~T g in cand(V) is the image by (g of a morphism k: Tf — > T g in candt(B,s), 
however gk need not be the same as [fco, ki, K\. Nevertheless by the commutativity 
properties of (f), since ( is faithful and m is an equivalence fitting into the map of 
linear extensions (a) then there exists b e H 1 (sh 3 , [£(/), ((g)]* t) such that 

[k ,h,K] = g{k) +^(c(/),c( 5 ))( & )> 

therefore by [IV] 4.21 the morphism 

k = k + b:f f — >f g 

satisfies g(k) = [fc , k\,K] as desired. Now the proof is finished. □ 

A The cosimplicial Eilenberg-Zilber-Cartier theo- 
rem 

Let A be the usual simplicial category. A bicosimplicial abelian group is a functor 
A*'* : AxA^ Ab. This functor is completely determined by the abelian groups A p ' q 
(p, Q > 0), the horizontal cosimplicial coboundaries d\ and codegeneracies defining 
the horizontal cosimplicial abelian groups A*' q (q > 0), and the vertical coboundaries 
d\ and codegeneracies si which give rise to the vertical cosimplicial abelian groups 
A p '* (p> 0). Horizontal and vertical operators commute. 

The diagonal Diag(A*'*) of a bicosimplicial abelian group is the cosimplicial 
abelian group given by Diag"(A*'*) = A n ' n with coboundaries di — d\d\ — d\d^ 
and codegeneracies Sj = s^s^ — s?s-\ 

The normalized cochain complex N(B') of a cosimplicial abelian group B* is given 

by 

n-1 

N n (B') = p) Ker[s 4 : B n -» B"" 1 ] 
with differential d = E^-l)**: Nn ( B ') -» N n+1 (B'). 
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One can also define the normalized bicomplex N(A*'*) of a bicosimplicial abelian 
group as 

N p ' q (A'<*) = Ker[sf : A p ' q -» A^ 1 '^ n Kerfs* : A M -» A^ 1 ]^ . 

The horizontal differential d h : N p ' q (A*>') -> N p+1 < q {A m <*) is given by d h = ^(-lK 
and the vertical differential d v : iV™^*'*) -» ATP.9+ 1 (A*'*) is <4 = E^of-l)*^. 
Notice that horizontal and vertical differentials commute. 

Recall that for any bicomplex C* * with commuting horizontal dh and vertical d v 
differentials dhd v — d v dh the total complex TotC*'* is the cochain complex defined 

by 

Tot"C**'* = C p ' q 

p+q=n 

and such that the differential of an element a e C p ' q is d(a) = dh{a) + (—l) p d v (a). 

The following well known theorem is the dual of the Eilenberg-Zilber-Cartier theo- 
rem, see [DP61] 2.9. For the statement we recall that a {p, q)-shuffle a is a permutation 
of the set {0, . . . ,p + q — 1} such that 

cr(0) < • • • < a(p - 1) and a(p) < ■ ■ ■ < a(p + q - 1). 

The parity of the (p, ^-shuffle cr as a permutation is denoted by e(a) e {0, 1}. It is 
known that e(o~) — X^Lq — i) mod 2. 

Theorem A.l. Let A*'* be a bicosimplicial abelian group. There are mutually inverse 
natural cochain homotopy equivalences 

TotN(A m ' m ) *k ArDiag(A*'') 

& 

defined by 

3 r (°)= E E (-i) e(CT) ^(o)---^ (P -i)< P )--- s Wi)( a )' aeA "'"; 

p+q=n crG{(p, q)-shuffles} 

<8(b) = d h p+q ...d h p+1 d;_ 1 ...d" (b), be A™. 
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